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Chapter 1

Introduction

Zeta functions hold a place of particular significance in number theory. The foundational text is
[Rieb9] by Riemann, in which he proved that the function of a complex variable

(s) =D n%,
n=1

defined for all s with R(s) > 1, can be extended to a meromorphic function on the complex plane,
and that it satisfies the functional identity:

¢(s) = 2°7° L sin (g) I'(s)¢(1 —s),

where I'(s) is the Gamma function, a meromorphic function which, for R(s) > 0, is defined as

['(s) = /OOO ¥ Lexp(—z)dz.

In the same article, he formulated arguably the most famous open conjecture in all of mathematics,
namely that the zeros of ((s) different from the negative even integers lie on the line s = % + it with
teR.

Over time, many different zeta functions have been defined to generalize Riemann’s, usually sat-
isfying some functional identity, with an associated conjecture generalizing Riemann’s hypothesis.
This is the case for Dedekind zeta functions, which generalize Riemann’s zeta to arbitrary num-
ber fields, and Dirichlet L-series, which depend on the choice of a certain multiplicative character
x:Z—C.

In the world of finite characteristic, the theory of zeta functions has proven to be particularly
rich. This theory was pioneered by Artin in his PhD thesis, which focused on quadratic function
fields (see [Art24]); in the following decades, Hasse proved an analogue of Riemann’s hypothesis for
elliptic function fields (|Has36]), and Weil developed a comprehensive theory to prove this conjecture
for arbitrary function fields with finite base field ([Wei4§]).

At the same time, another line of research on curves over a finite field F, was being developed
by Carlitz, starting in [Car35|. He attached to the polynomial ring F,[6] an Fy-linear ezponential
function exps(z), whose domain and codomain consist in an algebraically closed complete normed
field Co extending the field of Laurent series Fy((#~1)) in the variable 6. If we interpret Fy[t] as the
function field equivalent of Z (being the "simplest" principal ideal domain among F4-algebras), Coo
is analogous to the field of complex numbers C and exps : Coc — Co to the classical exponential



6 CHAPTER 1. INTRODUCTION

exp : C — C*. As the latter induces the multiplicative Z-module structure on its image C*, Carlitz
proved that expr(C) = Cx can be endowed with a natural action of Fy[t] = F4[f], now called the
Carlitz module.

Carlitz was interested in the computation of the following zeta-like values:

Cellg=1m) = 3 a @ I"eCy,
acFq[0]
monic
where m is a positive integer. An explicit formula for classical zeta values at the even positive integers
was known well before Riemann’s work, due to Euler:

1 B

C(2k) = 3 @] - (2mi)%k

for all positive integers k, where the Bernoulli numbers By, appear in the generating function
z Bk k
LN
exp(z) =1 F k!
In |Car37] and |Car40] Carlitz proved the identity:

BC(g—1)m
I((g — 1)m)

for all positive integers m, where Il : Z — F[6] is an analogue of the factorial, the Bernoulli-Carlitz
numbers BC(,_1),, € F4(f) appear in the generating function

. 7la=1)m

Collg —1)m) =

BC
expc(z) >0 I

and satisfy an analogue of the Von Staudt—Clausen theorem, and 7 € C, is an analogue of 27i (which
was proven to be transcendental over F () by Carlitz’s student Wade [Wad41]).
Several decades later, in |Gos78|, Goss was prompted by this wealth of analogies with the classical
case to define the zeta function
Ce(s)= > a*

acF4[0]
monic

for all positive integers s; he later extended the domain of (¢ to a large set of exponents S, analogous
to the complex plane ([Gos79]). Goss’s dream—yet unrealized—was to find some automorphism of
Seo analogous to the involution s <> 1 — s on the complex plane, and to prove a functional identity
of (c(s) under its action.

Drinfeld modules (|[Dri74]) and Anderson modules ([And86]) are generalizations of the Carlitz
module, analogous respectively to the classical theories of elliptic curves and abelian varieties; in the
following years, Goss developed a theory of L-functions in this generality (|Gos92]). Starting with
Taelman, who studied the case of Drinfeld modules in [Tael2|, and ending with the article [ANT22] by
Anglés, Ngo Dac, and Tavares Ribeiro, in which they worked in the generality of Anderson modules,
the special value of Goss L-functions at s = 1 was proven to be the product of a regulator and an
algebraic term arising from a certain class module, in analogy with the class number formula attached
to Dedekind L-functions.
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At the same time, a new type of L-series attached to the affine curve Spec(F,[t]) = P,lzq \ {0} was
defined by Pellarin in [Pell2] for positive integers s in the Tate algebra Co(t):

: a(t)
L(s) = E oS
a€Fq[t]\{0}
monic

He proved that the value L(1) is a rigid-analytic function on P¢_ \ {oo} which can be used to
interpolate the Carlitz zeta values (c(¢* — 1) for all positive integers k, and found a functional
identity relating L(1) and the so-called Anderson—Thakur special function w € Coo(t). This identity
bears a striking similarity with the evaluation of Riemann’s classical functional identity at s = 0
(explored in more detail in the rest of the introduction), and suggests that Pellarin-type L-values are
an alternative to Goss L-series as a function field analogue of classical L-series.

A Pellarin-type L-value can be attached to any pair (X, 00), where X is a "nice" projective curve
and oo € X an Fg-rational point. Interestingly, if we interpret it as a function from X (Cs) \ oo to
Coo, it has an infinite number of trivial zeros indexed by the natural numbers and a (finite) set of
nontrivial zeros; determining this nontrivial zeros is an important step to generalize Pellarin’s identity
to arbitrary function fields. The central chapters of this thesis are devoted to this objective, expanding
previous work by Green and Papanikolas (JGP18]). An essential idea emerging from those chapters is
that Pellarin-type L values derive their properties from being eigenvectors of certain operators: using
this insight we are able to further generalize our main theorems to arbitrary Drinfeld modules, and
to formulate several conjectures in the more general context of Anderson modules.

1.1 The Carlitz module

Let F, be the finite field with ¢ elements. The Carlitz module over the field of rational functions
F,(0) is a functor from the F,[0]-algebras to the Fg[t]-modules

C : R0 — Alg — F,[t] — Mod,
which is meant to be a finite characteristic analogue to the multiplicative group scheme
Gmn:Z—Alg — Z— Mod.

For any F,[f]-algebra S, C(S) is defined as the Fy-vector space S endowed with an F,[t]-module
structure uniquely determined by the following action of ¢:

Cy(s) := s+ 0s for all s € S.

Let’s denote by Co the completion of an algebraic closure of F,((671)): this is a complete alge-
braically closed field analogous to the field of complex numbers C. Analogously to the classical case,
there is a surjective map of A-modules expy : Coo — C(Cs), with kernel 74 C C, for a certain
7 e CX.

1.1.1 Gauss—Thakur sums

Let’s recall the notion of a Gauss sum.
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Definition (Gauss). Fix an integer n € Z\ {0,£1}. Denote by G,,[n] C G,, the subfunctor of
n-torsion and let p, := G,,[n](C) be the set of n-th roots of unity. Fix a multiplicative character

X
p: Z/nZ — C*
and an isomorphism of Z-modules
C: %0z = e
The Gauss sum relative to p and ( is defined as follows:
G(p,Q)= > pm)"¢(m)eC.
777¢€Z/nz><

Remark. We slightly deviated from historical notation by using p(m)~! instead of p(m) in the
summation.

If we fix a prime number p € Z and an isomorphism ( : Z/pZ % pp, the p — 1 Gauss sums

{90, 0lp: 247" = €} € Qup 1)

form a full set of simultaneous eigenvectors for the Galois group Gal (Q(Mpﬂup—l)/Q( Mp—l))' This

makes them an important tool for the study of cyclotomic extensions of Q.
In the seminal paper [Tha88|, Thakur developed an analogous object to Gauss sums in the context
of the Carlitz module.

Definition (Thakur). Fix an element b € F,[t] \ F,. Denote by C[b] C C the subfunctor of b-torsion
and let v, = C[b](Cx) be the set of roots of Cj. Fix a multiplicative character

X
X: Fq[t]/qu[t] —C%
and an isomorphism of F[t]-modules
(S : Fq[t]/qu[t] = Vp.
The Gauss—Thakur sum relative to x and £ is defined as follows:

g9 = Y. x(a)'¢a) € Cx,

acFalie, g
where we identified C'(Co) with Cu.

Given an element b € F,[t] \ Fy, the map sending a € Fy[t] to the endomorphism C, : v, — 1
. . : F,[t Fo(0)[vs]
induces an isomorphism of F,[t]-modules between al ]/qu [t] and Gal ( a0l b]/Fq(9)>'

Remark. Similarly to Gauss sums, if we fix a prime element b € F,[t] and an isomorphism

& Fq[t]/qu 1] —% 1, the nonzero Gauss—Thakur sums in
. Fylt] it CFE(h
g(X7£)’X . /qu[t] — Ll & q( )[Vb]

form a full set of simultaneous eigenvectors for the Galois group Gal (F‘l(e) [Vb]/f (9)>
q
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The theorem of Kronecker—Weber asserts that the maximal abelian field extensions of Q is the
colimit of the cyclotomic extensions. In his paper [Hay74], Hayes proves an analogous statement for
the function field F,(6). If we denote by C(Coo)™"* the torsion submodule of the F,[t]-module C(Cs),
L.e. Uper,[1) Vb We have the following.

Theorem (Hayes). Let’s identify C(Cx) with Coo. The field Fy(0)[C(Coo)'™®] is the mazimal abelian
extension of Fy(6) which is tamely ramified at cc.

1.1.2 Anderson—Thakur special function

In their seminal paper [AT90], Anderson and Thakur introduced the following series in Cy(t) to
study the Carlitz module.

Definition. The Anderson-Thakur special function is defined as follows:

Remark. If we denote by 7 : Coo[[t]] = Cxo[[t]] the map sending a series 3, d;t’ to Y, dit’, we get
that 7w = (t — f)w. In other words, if we write w = 3", ¢;t!, we have the identities ¢; = Cp(ciy1)
for all 4 > 0. Furthermore, from its definition, it’s clear that w can be evaluated at ¢t = ¢ for any
(€Fy CC.

Let’s briefly explain the reason why in the last Remark of Subsection we only considered
nonzero Gauss-Thakur sums: it turns out that, for all b € F,[t] \ Fy, whenever a multiplicative

character y from Fq m/qu [t] g to C%, cannot be lifted to a morphism of F,-algebras Fq [t]/qu ] = Coos

the associated Gauss—Thakur sum is zero (see [GM21][Prop. 4.8]). This suggests the existence of a
"universal" Gauss—Thakur sum, independent from , whose specialization yields all possible nonzero
Gauss—Thakur sums.

Angles and Pellarin showed in [AP14] that the "universal" Gauss-Thakur sum is the special
function of Anderson-Thakur.

Theorem ([AP14][Thm. 2.9]). Let p € Fy[t] be a nonzero prime and fix the isomorphism

g : Fq[t]/qu[t] = Vp

sending a € Fy[t] to expg (aﬁ%’), where p’ denotes the derivative of p in the variable t. For all algebra
homomorphisms

X Fglt] = Fq[t]/qu{t] — Coo

we have the following identity:

8(x; &) = x(w),

where w is the special function of Anderson—Thakur.
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1.2 Pellarin’s zeta value and its functional identity

The infinite series > h™® € Co, where we sum over all monic h € F4[f], is well defined for any
positive integer s, and is the function field analogue of the Riemann zeta value at s. In a seminal
paper ([Pell2]), Pellarin introduced the following series for any positive integer s:

Caollf]):
heFq|t] h )

monic
For any F,-algebra homomorphism x : F,[t] = F; C Cs, L(s) can be evaluated at x(t). The result
L(x,s) =Y h~%x(h) is analogue to a Dirichlet L-series, evaluated at s. In other words, the Pellarin
zeta function interpolates certain Dirichlet-like series L(x, s), in a similar way as the Anderson—Thakur
special function interpolates Gauss—Thakur sums.

Remark. The Riemann zeta function (and Dirichlet L-functions in general) have a well-known func-
tional equation. The formulation of an analogue functional equation for our Dirichlet-like series is
still an open problem (see |Gos98|[Subsection 8.1]).

Let’s fix a primitive multiplicative character p : Z/nzX — C* with p(—1) = —1; in this case, the
following functional identity holds for all s:

L(p,s) = —257°n"3isin ((s v 1)%) T(1 - 8)G(p, O)L(p,1 — s), (1.1)

where ( : Z/nZ — C* sends k to exp (%27m'). Through some analytic manipulation, it’s possible to
obtain the following explicit expression for the evaluation of the left hand side at s = 0:

o0 =1 3 )Y (1.2)

jeZ/nZx
If we evaluate the whole functional identity at s = 0 we get:
—IiT N
—= Y ) =G0 QL D). (1.3)
jeZ/nZx

Going back to the function field case, in |[Pell2|[Thm. 1], using two different methods (one in-
volving modular forms, the other one using some log-algebraicity results of Anderson from |And94]
and [And96]) Pellarin proved the following identity in Coo[[t]], connecting the evaluation of his
L-function at s = 1 and the special function of Anderson—Thakur w:

E

5= wL(1). (1.4)
Let’s fix the morphism £ : F4[t] — 1, sending a € Fy[t] to expg (aﬁ%’). By Angles and Pel-
larin’s theorem |[AP14][Thm. 2.9], if we evaluate the previous identity at an Fy-linear homomorphism
X : Fq[t] = F4 sending ¢ to some n-th root of unity, we deduce:

0 — 9n+1 ZX jej = g X 5) ( )a (15)

which is remarkably similar to equation n In practice, Pellarin’s identity (1.4)) interpolates the
equation (|1.5)) across all suitable characters for the fixed exponent s = 1, instead of interpolating
across all suitable exponents for a fixed character y, like what happens in the classical setting.
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1.3 Drinfeld A-modules of rank 1

Let X/Fq be a smooth, projective, geometrically irreducible curve of genus ¢g(X) with a closed

point co € X of degree e. Let’s denote by K the field of rational functions, and by A the ring
HO(X \ {00}, Ox) of rational functions with only poles at oo; let’s also denote by K, the completion
of K at 0o, and by C,, the completion of an algebraic closure of K.

We fix a rational function ¢ with a pole of multiplicity 1 at oo, so that Ks = Fue((t71)); for
all nonzero elements ¢ € KZ, we denote by sgn(c) € Fp its leading coefficient as an element of
Fee((t™1)), by deg(c) its degree in the variable ¢ multiplied by e, and by ||¢|| = gd°8(©).

Let’s denote by Coo[7] the noncommutative polynomial ring generated by 7 with the relations
7c = cl1 for all ¢ € C.

Definition. A Drinfeld A-module of generic characteristic is an Fg-algebra homomorphism
¢ : A — Cy[7] such that for all a € A the constant term of ¢, is a.

Given a Drinfeld A-module ¢ of generic characteristic, there is a unique nonnegative integer r
such that, for all @ € A, r-deg(a) = deg,(¢pq) (see [Gos9I§|[Lemma 4.5.1, Prop. 4.5.3]). This constant
is called the rank of ¢.

In this thesis, when we write "Drinfeld module" we mean "Drinfeld A-module of generic charac-
teristic and positive rank".

Definition. Two Drinfeld modules ¢, ¢’ are said to be isogenous if there is an nonzero element
¢ € C[7] such that, for all a € A, ¢, 0c=cod,. If ¢ € C, ¢ and ¢ are said to be isomorphic.

If the leading term of ¢, is sgn(a) for all nonzero a € A, ¢ is said to be normalized.

The Drinfeld module ¢ is said to be defined over the subring R C C, if the coefficients of ¢,
belong to R for all a € A.

Remark. For all Drinfeld modules ¢ there is a normalized Drinfeld module ¢’ isomorphic to ¢ (see
[Gos98|[Thm. 7.2.15]).

Remark. If a Drinfeld module ¢ is defined over a ring A C R C C.,, we can think of ¢ as a functor
from R-algebras to A-modules sending an R-algebra S to the Fy-vector space ¢(S5) = S endowed
with the A-module structure induced by ¢: for all a € A, for all s € ¢(S5), a-s:= ¢au(s).

Under this interpretation, if A = F,[f] with the canonical sign, the Carlitz module is a normalized
Drinfeld F,[f]-module of rank 1, i.e. an Fg-algebra homomorphism C : F,[f] — Cu[7] sending 6 to
Cp = 0 + 7 (where we identify Fy[6] and F4[t] in the original definition of the Carlitz module).

Similarly to the Carlitz module, given a Drinfeld module ¢ there is a surjective map of A-modules
expy 1 Coo — ¢(Coo); moreover, this map can be expressed as a formal series in Coo[[z]] which
converges everywhere, and its kernel Ay C C, called period lattice, is a discrete projective sub-A-
module of the same rank as ¢.

Moreover, for all discrete projective sub-A-modules A C C., of rank r, there is a unique Drinfeld
A-module of rank r of which A is the period lattice, and isomorphic Drinfeld modules correspond to
isomorphic lattices (see [Gos9§|[Chapter 4]).

1.3.1 Hilbert class field

In the classical setting, the Hilbert class field of a given number field is its maximal abelian extension
which is unramified at all places; this extension turns out to be finite, and its Galois group is naturally
isomorphic to the ideal class group of the base field.
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For the function field K, this definition is less useful, since there are infinite unramified abelian
extensions, such as F,K. In [Hay79|, Hayes gave an alternative definition using Drinfeld A-modules
of rank 1.

Definition. Let ¢ be a normalized Drinfeld A-module of rank 1. The Hilbert class field of A is the
smallest field H C C, such that ¢ is defined over H.

It turns out that the Hilbert class field does not depend on the choice of ¢. Precisely, the following
theorem holds.

Theorem (|Hay79|[Prop. 8.4, Thm. 8.10]). If H is the Hilbert class field of A, the extension H/K
is finite, unramified, Galois, and abelian, with field of constants Fye, and its Galois group is naturally
isomorphic to the ideal class group CIl(A).

Remark. In particular, if A has class number greater than 1, there are no Drinfeld modules of rank
1 defined over A.

Since there is a correspondence between Drinfeld A-modules and finitely generated sub- A-modules
of C, the set of Drinfeld modules of rank 1 up to isomorphism is in bijection with the ideal class
group CI1(A). On the other hand, since Cl(A) = Gal (H/K) acts coefficient-wise on H|[7], it also acts
on the set of Drinfeld modules defined over H.

In [Hay79], Hayes proved the following result, linking these two observations.

Theorem (|Hay79|[Thm. 8.5]). Let ¢ be a normalized Drinfeld A-module of rank 1. The set
{qﬁ"}oeGal(H/K) is a complete set of representatives for the Drinfeld modules of rank 1 up to iso-

morphism. Moreover, they are all isogenous to one another.

1.3.2 Shtuka functions

Let’s denote by Xc_, the base-changed curve X Xgpec(F,)Spec(Coo), and by Ac, = Coo ®F, A the ring
of rational functions with poles only above co. From now on, let’s assume that oo € X is Fy-rational,
so we can extend the sign sgn : K* — F to a map from the nonzero rational functions on Xc_, to
CX%.

For any divisor D on Xc_, let’s denote by DWW the pullback under the Frobenius automor-
phism 7 : Co — Coo; we adopt a similar notation for rational functions on X¢_ (see Subsection
for more details). Let’s denote by = € X(Cy) the point corresponding to the natural map
Spec(Coo) — Spec(A) C X.

Definition. A Drinfeld divisor V is a divisor of degree g(X) such that V() —V 4+ = — 0o is a principal
divisor. A rational function f on Xc_ with that divisor is called a shtuka function.

It can be proven that the infinite F,-vector space H°(V, (X \ {oo})c..) is spanned by the finite

products:
d—1 ]
{ed = H f(l)} .
=0 d>0

Since 1 ® a € HO(V, (X \ {oo})c..) for all a € A, we can write 1 ® a = > ;(a; ® 1)e;; the map
A — Cy[7] sending a to 3, a;7* is a Drinfeld module of rank 1 (see e.g. |[Gos98|[Section 7.11]). This
correspondence determines a bijection between shtuka functions and Drinfeld modules of rank 1.
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Remark. This is actually a particular case of a more general correspondence between Drinfeld
modules of arbitrary rank—up to equivalence—and certain torsion-free coherent Ox,_-modules (see
[Gos98|[Section 6.2]).

Remark. Since by Hayes work in [Hay79] a Drinfeld module of rank 1 is defined over H up to
isomorphism, it turns out that the Drinfeld divisor V is H-rational, and the shtuka function, up to
scalar multiple, is a rational function on Xg.

1.3.3 Special functions

In their paper [ANT17a], Anglés, Ngo Dac, and Tavares Ribeiro proposed a generalization of the spe-
cial function of Anderson—Thakur to Drinfeld- A-modules of rank 1. Let C,,®A denote the completion
of the tensor product Ac_  with respect to the topology induced by Cx.

Definition. Given a Drinfeld module ¢ of rank 1, an element w € C,.®A is called a special function
if, for all a € A, (¢ ® 1w = (1 ® a)w.

Remark. Given an Fg-basis {a;}i>o of A4,

Coo®A = {ZCZ ® a;|lim ¢; = 0} .

i>0
The series Y, ¢; ® a; is a special function if and only if >, ¢p(c;) @ a; = >, ¢; @ ba; for all b € A.

Angleés, Ngo Dac, and Tavares Ribeiro also proved that the set of special functions relative to
a Drinfeld module of rank 1 is a projective A-module of rank 1 ([ANT17aj[Rmk. 3.10]). They
originally conjectured this module to be free, until Gazda and Maurischat proved the following result
(see [GM21|[Thm. 3.11]).

Theorem (Gazda—Maurischat). Let ¢ be a Drinfeld module. Denote by Ay the period lattice of ¢
and 2 the module of Kdihler differentials of A. The A-module of special functions is isomorphic to
A¢ XA QL.

The Frobenius automorphism of C, induces an A-linear automorphism of C,.®A, which we denote
by 7. In Subsection [[.I1.2] we observed that the Anderson-Thakur special function
w € Coo®F,[t] € Cuo[[t] is such that 7w = (¢ — #)w, and this functional identity actually implies
that (Cp ® 1w = (1 ® a)w for all a € F,t].

Anglés, Ngo Dac and Tavares Ribeiro proved a similar result in the case of Drinfeld A-modules
of rank 1: an element w € C,®A is a special function if and only if 7w = fw.

If f belongs to Coo®A and is invertible—as is the case for the Carlitz module—it’s not difficult
to construct an invertible special function w € (Coo®A)* as an infinite product in a similar fashion
as the Anderson—Thakur special function defined in Subsection [[.1.2]

Gazda and Maurischat noticed in [GM21][Cor. 3.22] that, if there is an invertible special function,
then the A-module of special functions is free of rank 1, and conjectured that the reverse implication
is true; in other words, they asked how restrictive is the hypothesis that f € (Coo®A)*. In this paper
we answer affirmatively to this conjecture.

Theorem (Thm. 2.3.7). Let ¢ be a Drinfeld module of rank 1 and suppose that the module of special
functions is free of rank 1. Then, there is a special function which is invertible as an element of
Coo®A.
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Moreover, we also prove that it is possible to construct a special function as an infinite product like
in the Definition of the Anderson—Thakur special function without assuming that f is in (Coo®A)*.

Theorem (Thm. [4.2.6). Fiz a normalized Drinfeld module ¢ of rank 1 with shtuka function f. There
is a € KZ such that the following element of Coo®K is well defined (up to the choice of a (¢ —1)-th
root of a):

w:=(a®1)e1? H<a® > .
i>0 f
Moreover, there is a monzero special function w' € Co®A and a constant ¢ € K* such that
w=(1®cuw.

1.4 A generalization of Pellarin’s identity to Drinfeld A-modules of
rank 1

Given an ideal I < A, it’s possible to define an object of Coo®A which generalizes Pellarin’s L-value
L(1).

Definition. Given a nonzero ideal I < A, the partial Pellarin zeta function (r is defined as follows:

(r= Y a'®acCiBA
acI\{0}

The partial zeta (s, like L(1), is a rigid analytic function on the analytification of the affine curve
(X \ {o0})c,, (see |CNP23]); in other words, it’s possible to define an evaluation of {; at any point

P e X(Cqx) \ {o0} (see Subsection [4.3.1)).

The following question is the starting point for this thesis.

Question. Given a Drinfeld module of rank 1, is the product of {4 with a special function a rational
function on Xc_ 7

Remark. By the remark of Anglés, Ngo Dac and Tavares Ribeiro [ANT17a][Rmk. 3.10], for any two
nonzero special functions w,w’ € Co®A there is some ¢ € K* such that w’ = (1 ® ¢)w. In particular,
Caw is rational if and only if (4w’ is.

The first partial answer to this question is due to Green and Papanikolas, who proved that the
answer is affirmative when X is an elliptic curve ([GP18|[Thm. 7.1]). Let’s denote by H the Hilbert
class field of K.

Theorem (Green—Papanikolas). Suppose g(X) = 1, and fiz the unique normalized Drinfeld module
¢ with period lattice TA C Co for some ™ € CX. Let h be the unique rational function on Xy with
sgn(h) = 1 and divisor V + (—V)(l) —Z=—00. The A-module of special functions is free and generated
by:
(T®1)h
a

Let’s fix an ideal J < A of degree d; such that J~! is isomorphic to the Kéhler module of
differentials Q. In the following theorem, given a Drinfeld module ¢, we call its associated Drin-
feld divisor V, and we denote by V. the unique effective divisor of degree g such that the divisor

V+ v~ J—=—(2g—dy - 1)oo is principal (see Proposition [3.3.25 and Lemma [4.3.30).
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Theorem (Theorem. Let ¢ be a normalized Drinfeld module of rank 1 with period lattice 771,
where w1 € CX and I < A is a nonzero ideal. Let h be the unique rational function on Xy with
sgn(h) = 1 and divisor V + V*(l) —J—E—(29—dj—1)oo such that the A-module of special functions
in Coo®A is:
(Tr®@1)h
Cr

Remark. The element 7; € C, is uniquely determined up to a factor in qu_ Moreover, the module
only depends on the ideal classes of I and J.

(F, @ 1J).

Remark. It’s worth noting that the techniques employed by Green and Papanikolas were tailored to
the case g(X) = 1 — for example, they choose a Weierstrass model of a generic elliptic curve to carry
out explicit computations.

To prove Theorem [4.3.32}—apart from the computations carried out in Section which are
needed to make explicit the scalar factor 77 ® 1—we employ the purely theoretical results of Section

3.1 and Section [3.3

Remark. The explicit constant 7; ® 1 is a motivating reason behind the results proven in Chapter
which hold for Drinfeld modules of arbitrary rank. In retrospect, we can also use those results as
an alternative way to derive the constant 7y ® 1.

1.5 "Dual" special functions in Drinfeld A-modules of rank 1

1.5.1 Adjoint Drinfeld modules

Let’s denote by Coo[77!] the noncommutative polynomial ring generated by 7—! with the relations

771c¢? = c77! for all ¢ € Coo. There is an anti-isomorphism of algebras -* : Coo[7] — Coo[77!] sending

> a; 7t to D T ;.

Definition. Given a Drinfeld module ¢ : A — Cy[7], its adjoint is the ring homomorphism
¢* 1 A = Coo[r7!] sending a € A to (¢)*.

In analogy with the definition of special functions, we can give the following definition.

Definition. Given a Drinfeld module ¢ of rank 1, an element { € Coo®A is called a dual special
function if, for all a € A, (¢; ® 1) = (1 ® a)(.

1.5.2 Pellarin zetas as dual special functions

Given a normalized Drinfeld module ¢ of rank 1, recall the definitions of the divisors V' and V. In
Section [.1] we introduce the adjoint shtuka function f, associated to ¢ as the unique rational function
on Xg_ with divisor V, — v 42— o0 and sgn(fx) = 1. In analogy with Theorem we prove
the following identity.

Theorem (Theorem [4.3.28)). Let 771 be the period lattice of ¢, where I < A is a nonzero ideal and
71 € CX, and fix ay € I an element of least degree. The following identity holds in Coo®K :

[eops

1= (a7 ®ar) H ((frml ® 1)1_qf£1))(i) .

i>0
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From the previous formula it’s easy to derive the following identity (Proposition |4.3.24)):

(Grreng)' ™ = £ (G e 1)

Its similarity with the defining identity of a special function w—i.e. w!) = fw—suggests this
formula as an alternative definition of Pellarin zeta functions. Indeed we can use Proposition [4.3.24]
to deduce the following theorem.

Theorem (Theorem [4.3.27)). Let 711 be the period lattice of ¢, where I < A is a nonzero ideal and
71 € CX, and let ¢* : A — Coo[r7Y] denote the adjoint Drinfeld module. Then (7;' ®1)¢; is a dual

007
special function.

While the original definition of Pellarin zeta functions does not depend on the choice of Drinfeld
module ¢, the definition of dual special functions does; moreover, like with special functions, they are
well defined even if we don’t assume the rank of ¢ to be 1. This allows us to make a conceptual leap
previously impossible and prompts a series of questions for a Drinfeld module ¢ of arbitrary rank,
namely:

o Is there always an explicit expression of dual special functions as a series like in the case of rank
1?7

¢ Does a generalization of Pellarin’s identity hold?

The answer to both questions is yes, and they are the main focus of Chapter [5

1.6 Drinfeld A-modules of arbitrary rank

Let’s drop the assumption oo € X(F;). The main problem when trying to generalize Pellarin’s
identity to a Drinfeld module ¢ of arbitrary rank is the absence of a "canonical" special function
and a "canonical" dual special function to multiply. If ¢ has rank 1, as stated in the first Remark
of Section [1.4] we can overcome this problem by using any nonzero special function, because they
are all rational multiples of one another. On the other hand, when ¢ has arbitrary rank r, Gazda
and Maurischat proved in [GM21][Thm. 3.11] that the A-module of special functions has rank r,
invalidating this line of reasoning.

If ¢ is a normalized Drinfeld A-module of rank 1 with period lattice ;1 C C,, for some ideal
I < A and some constant 77, the most likely candidate for a "canonical" dual special function is
Tl = > aen oy (Tr1a) ! ® a. This prompts the following claim.

Claim. If ¢ is an arbitrary Drinfeld A-module with period lattice Ay, the correct "canonical" object
we need to consider is 3 \ep ,\ (o) AL ® A € Cou®Ay.

Up to a sign, this claim is fundamentally correct, and helps to develop the correct framework to
express the generalization of Pellarin’s identity to arbitrary Drinfeld modules: the first step consists
in generalizing the definitions of special functions and dual special functions.

1.6.1 Anderson eigenvectors and dual Anderson eigenvectors

In light of the previous consideration, in this thesis we give the following definition.
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Definition. Let ¢ be a Drinfeld A-module. For any A-module M, the set of Anderson eigenvectors
and dual Anderson eigenvectors relative to M are defined respectively as:

Stp(M) == {w € Coo®@M|(1 ® a)w = (¢pq ® 1)w Va € A}

Stex (M) :={¢ € Cou®@M|1®a){ = (¢, ®1)( Va € A}

We denote by Sfy : A — Mod — A — Mod and Sfy- : A — Mod — A — Mod the natural functors
that extend the maps above.

Remark. The A-modules Sf,(A) and Sfy«(A) are respectively the module of special functions and
the module of dual special functions.

The main tool we use to study Anderson eigenvectors and dual Anderson eigenvectors is the
following result, which allows us to reinterpret the modules C,o®M as function spaces.

Proposition (Prop. [2.1.14). Let M be a discrete A-module. The set Coo®@M is naturally isomorphic
to the set of continuous Fy-linear maps from Homg, (M, F,), endowed with the compact-open topology,
to Co.

Remark. We have that Homg, (2, F;) = oo/4 ([Poon96, Thm. 8]). As a consequence, the space
Homp, (Homa(Ag,2),F,) is isomorphic to KOOA@VA(b.

With this new language at our disposal, it now makes sense to ask if the object
Y AT @AeCyB®Ay
)\EA¢\{0}

is a dual Anderson eigenvector.
We prove the following theorem, which provides us with a "canonical" Anderson eigenvector and
a "canonical" dual Anderson eigenvector.

Theorem (Thm. 2.2.9,Thm. [5.2.10)). Let ¢ be a Drinfeld module with period lattice Ay. The functors
Sty and Sy« are represented respectively by Hom4(Ag, ) and Ay. Moreover:

o the universal object of Sfy,
wp € Coo® Hom g (Ay, Q) = Homf:';m (KOOAWA(b, Coo) ,
corresponds to the exponential expy;

o the universal object of Sty is

Co=— D A '®XECLBA,.
AEAL\{0}

1.6.2 A generalization of Pellarin’s identity

An unexpected consequence of being able to work with the universal Anderson eigenvector
wep € Coo® Hom 4 (Ag, 2) and the universal dual Anderson eigenvector (4 € Coc®Ay is that we have a
natural candidate for a "product” between the two: we may simply take the image of the pair ({4, wg)
under the natural C,,®A-bilinear pairing

1 Cou®Ay X Coo® Homa(Ag, Q) — Coo®0 2 Hom@™ (Koo Coc ).

This allows us to state and prove the following generalization of Pellarin’s identity.
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Theorem (Thm. [5.4.2). Let ¢ be a Drinfeld A-module with period lattice Ay, and denote by wy
and Cy the universal objects of the functors Sty and Sfy«, respectively. For all integers k, the pairing
Cop - (TkW¢) in Coo®8 is a rational differential form on Xc_, .

In contrast with Theorem [4.3.32] we are not able to describe the rational differential forms
Co - (TkW¢) in terms of their divisor. On the other hand, we are able to describe it as a function

from KOO/ "j to C in terms of the coefficients of the Drinfeld module ¢.

Definition. Let ® : K. — Cu[[7]] be the unique extension of ¢ which is multiplicative and
coefficient-wise continuous.

Let & : Ko, — Coo[[7]][r~!] be the unique extension of ¢* which is multiplicative and coefficient-
wise continuous.

Remark. If we denote by log, € Cuo|[[7]] the formal inverse of exp,,, ® sends ¢ € Ku, to expyocolog,.
For the existence of ®, see e.g. Proposition [5.4.15

Theorem (Thm. [5.4.17). The following identity holds in the space Coo[[T, 7] of formal bilateral
series for all ¢ € Ko

> (Gor (PFwg)) (" = (@) — .

kezZ

We can use the previous theorem to derive the rational differential forms (4 - (Tkw¢) for any given
Drinfeld module. For example, we carry out this computation when:

o A=F,[f], ris arbitrary, and k =0,...,r — 1 (Proposition |5.5.1));
o when A comes from a hyperelliptic curve, r = 1, and k = 0 (Theorem [5.5.12)).

In the latter case, we also write the shtuka function in terms of the coefficients of the Drinfeld module

}.

1.7 Anderson A-modules

An Anderson A-module £ = (FE, ¢) of dimension d (see [HJ20][Def. 2.5.2]) consists of:
» an F,-module scheme E over C, isomorphic to GZ;

e an action ¢ : A — End(E) such the induced action Lie(¢) on the tangent space Lie(E) = C%
sends a € A to a - Idg plus a nilpotent endomorphism.

In other words, E is a functor from C,, — Alg to A — Mod such that, for any C,.-algebra S,
E(S) is naturally isomorphic to S¢ as an F4-vector space, and its A-module structure must satisfy
some technical conditions (see also Subsection for more details).

Remark. Drinfeld A-modules correspond to the Anderson A-modules of dimension 1.

As for the Carlitz module and the Drinfeld A-modules, there is an A-linear map
exp, : Lie(F) = F(Cw)
whose kernel Ay is a discrete sub-A-module of Lie(E). If we fix an isomorphism

Lie(E) = E(Cy) = C4 |
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exp, can be expressed as an everywhere converging series in (Coof[x1,. .. ,xd]])d. Moreover, if we

denote by 7 : C% — CZ the map sending a vector (v;); to (v{);, the exponential can actually be
expressed as an infinite series:

exp,, = ZEiTi € Cool[7]],

i>0

where the E;’s are d-by-d matrices and Ej is the identity (see [Gos98][Section 5.9]).

1.7.1 Gauss—Thakur sums, special functions, and Anderson eigenvectors

In the paper |[GM21], where Gazda and Maurischat proposed the following definitions to generalize
the concepts of Gauss—Thakur sums and special functions to Anderson modules.

Definition (|[GM21|[Def. 3.1]). Let (E,¢) be an Anderson A-module. A special function is an
element w € E(Co)®A such that, for all a € A:

(o @ DNw = (1 ® a)w.
Remark. The theorem [GM21|[Thm. 3.11] actually holds in this generality.

Definition ([GM21|[Def 4.1]). Fix a nonzero prime ideal p < A and a multiplicative character
X : A/pX — A/px. Denote by E[p](C) € E(Co) the p-torsion subset and fix an A-linear map
& A/p — E[p](Cx). The (tensor) Gauss-Thakur sum relative to x and ¢ is defined as follows:

g(Xag) = Z §(a) ® X(a)_l € E(Coo) ®|:q A/p
The space of Gauss—Thakur sums is defined as:

G(¢,X) = {8 € B(Cax) ®F, Vpl(¢a ® 1)g = (1@ a)g}

They also prove that, if x cannot be lifted to a morphism of F,-algebras  : A/p — A/p, 9(x, &) =0

for any choice of £ (|[GM21|[Prop. 4.8]) and that G(¢,x) is spanned by {g(x,{)}¢ as an A/p—vector
space.
Like for Drinfeld modules, we define the Anderson eigenvectors for any Anderson module.

Definition. Let (F,¢) be an Anderson A-module. For any A-module M, the set of Anderson
etgenvectors is defined as:

Sty(M) = {w € E(Cx)@M|(1 ® a)w = (¢pq @ 1)w Ya € A}.
We denote by Sfy : A — Mod — A — Mod the natural functor that extend this map.

Remark. Fix a nonzero prime ideal p < A. If x : A/p — A/p is a morphism of F,-algebras, the space
of Gauss—Thakur sums G(¢, x) coincides with Sf, (A/p), where the A-module structure of A/p is the
one induced by x. Moreover, the module of special functions coincides with Sf,(A).

We prove a representability result in this generality.

Theorem (Thm. Thm. [2.2.10). Let (E,¢) be an Anderson A-module. If either (E,¢) is
uniformizable or we restrict the functor Sty to the category of torsionless A-modules, Sty is represented
by the A-module Hom (A, ).
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1.7.2 Dual Anderson eigenvectors for arbitrary Anderson modules

Let (E,¢) be an Anderson A-module. Similarly to the case of Drinfeld modules, the A-module
structure determined by ¢ on E(Cy) induces an adjoint action ¢* of A on

E(Cu)Y := Homc_ (F(Cu),Coo).
This allows us to define the dual Anderson eigenvectors as follows.

Definition. Let (£, ¢) be an Anderson A-module. For any A-module M, the set of dual Anderson
etgenvectors is defined as:

Sty (M) == {w € E(C)"BM|(1 ® a)¢ = (¢} @ 1)( Va € A}.
We denote by Sfy« : A — Mod — A — Mod the natural functor that extend this map.

In the study of dual Anderson eigenvectors for Drinfeld modules in Chapter [5, we expand on a
previous work by Poonen (|[Poon96]): among other results, he studies the adjoint of the exponential
function exp(’; : Coo = Co and proves that its kernel is isomorphic to the Pontryagin dual of the
period lattice Ay ([Poon96][Thm. 10]).

Unfortunately, his techniques fail in higher dimensions, hence they can’t be used to prove that
the functor Sfy« is representable, or that a generalization of Pellarin’s identity holds, for arbitrary
Anderson modules.

The last chapter of this thesis is dedicated to explore conjectural generalizations of the main
theorems in the generality of Anderson A-modules, and links with the theory developed by Hartl and
Juschka in [HJ20].

For simplicity, let’s fix an isomorphism Lie(E) = E(Cy) = CZ , so that we can write

expy = Z Epmt e Coo[[7]],
k>0

where the E;’s are d-by-d matrices and FEjy is the identity. Since Ej is invertible, we can also define
the logarithm as the formal inverse of expy:

log, = Z Lph € Cool[7]]
k>0

If we assume that Sfy« is representable by A4, one of the conjectures relates the coefficients of its
universal object (4 € F(Cx)'®Ay with the coefficients of log,.

Conjecture (Conjecture|6.3.9). Let (\;); be an Fy-linear basis of Ay. If

(o= 2@\ € B(Cx) BNy

is the universal dual Anderson eigenvector, for all k € Z and all v € F(Cy) the series
Z Ai - (’Tk o zi(v))

converges in Lie(E) and is equal to Li(v).
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If we consider a Drinfeld module (G, ¢), we know that the universal dual Anderson eigenvector
exists and is equal to — > y¢ A\ {0} A~t® . The previous conjecture is meant to be a generalization of
the well-known fact that, for all positive integers &, the k-th coefficient of the logarithm log,, € Coo[[7]]
is equal t0 — Yyep,\ oy A7 (see [Gek8S|[Eqq. 2.8,2.9]).

When (E, ¢) is the tensor power of the Carlitz module (see [Gos98][Section 5.8]), if we assume
that Sfy- is representable by Ay, we manage to describe the universal dual Anderson eigenvector (g
(Proposition and use an explicit formula for the coefficients of the logarithm due to Papanikolas

([Papl5]) to prove that Conjecture holds (Proposition [6.4.5]).
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Chapter 2

A generalization of special functions
for Anderson A-modules

In this chapter, X, A, K,,C are defined as in Section and so are the degree map deg: A — Z
and the norm | - || : Coc = Rxo.

As we explained in the introduction, the special function introduced by Anderson and Thakur in
[AT90] has undergone successive generalizations: first to Drinfeld modules by Anglés, Ngo Dac, and
Tavares Ribeiro (JANT17a]), and then to Anderson modules by Gazda and Maurischat (|[GM21]).

In this chapter, given an Anderson module E = (F, ¢), we introduce the functor of Anderson
eigenvectors Sfy : A — Mod — A — Mod and prove that the module of special functions arises from
the application of this functor to the object A € A — Mod.

In the main theorem of this chapter (Theorem we prove that, if E is uniformizable, Sf, is
representable, and we relate its universal object to the exponential map exp, : Lie(E) — E(Cx).

We apply this result in Section to answer affirmatively the following conjecture of Gazda and
Maurischat (see Theorem [2.3.7)).

Conjecture (|[GM21]|[Question]). Let (Gg, ¢) be a Drinfeld module. If the A-module of special func-
tions is free of rank 1, there is an invertible special function in Coo®A.

2.1 Pontryagin duality of A-modules

In this section, we give a formal definition of the completed tensor product C® M, where C is a certain
type of complete topological Fg-vector space and M is a discrete F4-vector space (Definition .

In the main proposition (Proposition we prove that C®M is naturally isomorphic to the
space of continuous F4-linear maps from the Pontryagin dual of M to C. This result is instrumental
in understanding the generalization of the module of special functions presented in Section

2.1.1 Basic statements about Pontryagin duality

Throughout this thesis, compact and locally compact topological spaces are always assumed to be
Hausdorff.

Definition 2.1.1 (Pontryagin duality). Denote by S! C C* the complex unit circle. For any com-
mutative ring with unity B, the Pontryagin duality is a contravariant functor from the category of
topological B-modules to itself, sending a module M to the set of continuous group homomorphism
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M = Hom%™ (M, S'), endowed with the compact open topology and with the natural B-module
structure.

Let’s state the first main properties of Pontryagin duality for B-modules. They follow immediately
from the analogous properties for Z-modules, that are proven in Pontryagin’s original article [Pon34].

Proposition 2.1.2. For any ring B and any topological B-module M, consider the group homo-

morphism iy - M — M sending m € M to (f = f(m)). The map iy is a continuous B-linear
homomorphism. If M 1is locally compact, M is locally compact, and iy is an isomorphism. More-
over, if M is compact (resp. discrete) M is discrete (resp. compact).

Remark 2.1.3. If M is an A-module, since M is also an F,-vector space, we have the following
natural isomorphisms of topological A-modules:

M = Hom§™"(M,S") = Hom{"™ (M, Homg, (Fy, S')) = Homg™ (M, Fy).

A

We fix an isomorphism F, = F, so that from now on, to ease notation, we can write
M = Hom,c:‘;"t(M ,Fq) for any F,-vector space M. Let’s fix some additional notation.

Definition 2.1.4. Let M and N be topological Fg-vector spaces with N locally compact. We
define the topological tensor product of M and N the space HomcFOq"t(N , M) of continuous Fy-linear
homomorphisms from N to M, and we denote it by M&N.

Remark 2.1.5. The topological tensor product can be endowed with the compact open topology,
but we only need to use the definition of the underlying set.

Lemma 2.1.6. For any pair of locally compact A-modules M, N, there is a natural isomorphism of
A ® A-modules between M&N and NQM .

Proof. By Proposition the Pontryagin duality induces an antiequivalence of the category of
locally compact Fg-vector spaces with itself, hence we have the following natural bijections:

Homf:‘;”t(N, M) = Homﬁ(;"t(M, N) = Hom,c:?]"t(M, N);
the A ® A-linearity is a simple check. O
Remark 2.1.7. For any set I, the Pontryagin dual of F?I can be identified with Fé . In particular,

for any discrete Fg-vector space M, an isomorphism Fgﬂ = M, i.e. an Fy-basis (m;)icr, induces an

isomorphism of topological vector spaces between Fé = Féel and M.
We introduce some other useful terminology.

Definition 2.1.8. If M is a discrete Fy-vector space with basis (m;)icr, for all i € I we denote by
m; the image of (0;;)jer € Fé via the isomorphism with M, so that for all j € I mj(m;) = d; ;. We

call (m});er the dual basis of M relative to (m;)ier-

Remark 2.1.9. In the previous definition, an element f € M corresponds to (f(m;)); € Fé. It’s
immediate to check that, for all m € M, f(m) = > ;c; f(mi)mi(m), which is actually a finite sum,
hence we are justified in the use the following formal notation: f = >,c; f(m;)m}. The existence

and uniqueness of this expression for all f € M explains the terminology "dual basis" for (m});.
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2.1.2 Application to A-modules

Denote by €2 the module of Kéhler differentials of A, which is a projective A-module of rank 1.
The following (see [Poon96, Thm. 8]) is a fundamental result about the Pontryagin duality of
A-modules.

Theorem 2.1.10 (Poonen). There is a natural perfect pairing between Q @4 Koo and Ko, which
restricts to a perfect pairing between the discrete A-module Q0 and the compact A-module KOO/A. In

other words, m = Ky and = KOO/A.

Remark 2.1.11. For any discrete projective A-module A of finite rank r, we have the following
natural isomorphisms of topological A-modules, where A* := Homy4 (A, A):

A* ®4 Q = Homp, (A" ®4 Q,F;) = Homy (A", Homp, (Q,F;)) 2 A®a (K /A).

Retracing the isomorphisms, it’s easy to check that the pairing (A* ®4 Q) ®F, (A ®A KOO/A) — Fy
sends the element (\* ®@w) ® (A®b) to the image of A*(A\)b® w under the pairing KOO/A ®F, 2 — Fq.

We now show that in some cases the topological tensor product of two spaces is naturally isomor-
phic to a completion of their tensor product. This makes our notation agree with the usual notation
Coo®A employed for the Tate algebra in works like [GM21], and others.

Definition 2.1.12. Let C' be a topological vector spaces which is the projective limit of a diagram of
discrete Fg-vector spaces {Cj}icr: we call such a space a prodiscrete Fy-vector space. The collection
U = {ker(C — C;) }ier is a neighborhood filter of 0 composed of clopen subspaces of C; we call it its
associated filter.

For any discrete F-vector space M and any prodiscrete F,-vector space C, we denote by C®@M
the completion of C'® M with respect to the neighborhood filter of 0 given by {U @ M }yey.

Remark 2.1.13. Given a radius r € Rsq, the open ball
B, ={ceCyx||lc]| <7} CCx

is an Fg-vector space, because the norm on C, is nonarchimedean. Since C., is complete, C, is a
prodiscrete Fg-vector space, with associated filter { B, },cr.,-

Proposition 2.1.14. Let C be a prodiscrete Fq-vector space and let M be a discrete Fy-vector space.
There is a natural Fy-linear bijection ® : C®M — C@M. If we fix an Fy-basis (m;)ier of M
with corresponding dual basis (m})ier of M, for any function f € CRQM = Hom,czoq"t(M, C) we have
e7H(f) =X f(m]) @ my.

Moreover, if C and M are A-modules, ® is A ® A-linear.

Proof. Fix an Fy-basis (m;)icr of M and let U be an associated filter of C. Any 2 € C®M can be
expressed in a unique way as > ;c; x; ® m;, where x; € C for all « € I, and for all U € U the set
Iy = {i € Ilz; € U} is finite. We define ®(z) : M — C as follows:
Vfe M, &x)(f) = lJlén[ Zf(ml)azZ
#Jzoo ieJ
Since C' is complete with respect to the neighborhood filter U, and for all U € U the set
{i € I|f(m;)x; ¢ U} C Iy is finite, the map ®(x) is well defined.
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For all U € U, the set {f € M|f(m;) = 0Vi € Iy} is a neighborhood of 0 in M, and is contained
in ®(z)"Y(U), hence ®(x) is continuous. Since ®(z) is also obviously Fy-linear, ®(z) € C®M for all
z e CRM.

The map ® is clearly Fy-linear. If C'and M are A-modules, ® is also A ® A-linear, since for any
r=73,2;,®m; € Coo®M and any a,b € A we have the following identity for all f € M:

B((a ® b)a)(f) = ® (Z . bmi> (1) = 3 fom(az) = a (Z<b ' f)(mi)wi)
— @@ 1)) = (a8 b)- B()) (7).

)

We just need to prove bijectivity. On one hand, if ®(z) = 0, we have 0 = ®(z)(m]) = z; for all
1 € I, hence x = 0. On the other hand, if ¢ : M — C'is a continuous function, for all U € U the set
{i € I|g(m}) € U} is finite because M is compact, hence y := 3", g(m}) @ m; is an element of C&®M:;
since ®(y)(m}) = g(m}) for alli € I, ®(y) = g. O

2.2 Universal Anderson eigenvector

In this section, we define the functor of Anderson eigenvectors relative to an Anderson A-module
(E, ¢), which generalizes the concept of special functions and Gauss-Thakur sums (see Definition
2.2.7), and prove that under some conditions it is representable (see Theorem and Theorem
2.2.10). As a corollary, we get a variant of the result [GM21|[Thm. 3.11], in which Gazda and
Maurischat described the module of special functions for any Anderson A-module (E, ¢).

2.2.1 Anderson A-modules

Definition 2.2.1. Given an Fj-algebra R, an R-module scheme over C is a group scheme over C
endowed with a compatible action of R.

If G is a group scheme over C., we denote by Lie(G) its tangent space at the identity, which
has a natural structure of C,,-vector space. This association can be extended to a functor from the
category of group schemes over C4, to that of C.-vector spaces, and given f : G — G’ a morphism
in the first category, we denote the induced morphism Lie(G) — Lie(G’) as Lie(f).

Let’s recall the definition of Anderson A-modules (see [HJ20][Def. 2.5.2]).

Definition 2.2.2. An Anderson A-module E = (E,¢) over Co of dimension d consists of an A-
module scheme E over C,, with the following properties:

« as an Fg-module scheme over C,, E is isomorphic to szl,Coo’
o the action ¢ of A on E is such that Lie(¢,) — a : Lie(E) — Lie(E) is nilpotent for all a € A.

Fix an Anderson A-module (E, ¢). The following proposition sums up various basic results about
(E,®) (see |Gos98|[Thm. 5.9.6] and [Gos98][Lemma 5.1.9] for proofs).

Proposition 2.2.3. There is a nonzero Fy-linear function exp, : Lie(E) — E(Cw), called exponen-
tial, such that expyolLie(da) = @q 0 expy for all a € A; its kernel Ay C Lie(E) is an A-module of
finite rank (with respect to the A-module structure induced by Lie(¢) on Lie(F)).



2.2. UNIVERSAL ANDERSON EIGENVECTOR 27

Remark 2.2.4. Since E and Gficoo are isomorphic group schemes over C,,, and the group of au-
tomorphisms of GZ,COO as a group scheme over Co, is GL, ¢, we can identify the set E(Cy) with
Gg,cw(Coo) = CZL up to an element of GL, ¢ (Cs). In particular, £(Cs) has a natural structure of
finite Cyo-vector space, hence, since Cy, is a complete normed field, a natural structure of complete
topological vector space over Cug.

Similarly, Lie(E) also has a natural structure of complete topological vector space over Ceo;
moreover, since exp, is a local homeomorphism, we get that Ay C Lie(E) is a discrete subset (see
[Gos98][5.9.12]). In light of this remark, and since for all @ € A expy o Lie(da) = ¢q © €xpy, exp, is a
morphism of topological A-modules.

Definition 2.2.5. Let E = (E, ¢) be an Anderson A-module. The discrete A-module Ay C Lie(E)
is called period lattice. If exp, is surjective, E is said to be uniformizable; in this case, its rank is
defined as the rank of Ay as an A-module.

The following is a well-known lemma (see e.g. [Gos98|Lemma 5.9.12).

Lemma 2.2.6. The A-module structure of Lie(E) induced by Lie(¢) can be extended to a structure
of topological vector space over K.

Proof. Since the endomorphisms {Lie(¢q)}qca\fo} commute and are invertible, the ring homomor-
phism ¥ : A — Endc_ (Lie(E)) sending a to Lie(¢,) can be extended uniquely to K, and we can
fix a basis Lie(E) = CL in which, for all ¢ € K, ¥, is a triangular matrix with N, = ¢~ ', — Idy
nilpotent—precisely, N¢ = 0. We define on Endc_ (CZ) the norm | - | sending a matrix to the max-
imum of the norms of its coefficients; since the norm on Cy is nonarchimedean, |[MN| < |M| - |N|
for all M, N € Endcoo(Cood). To extend continuously ¥ to K., it suffices to prove that the set
{le™"Wc|} e\ {0} is bounded, so that |¥,| tends to 0 as ||| tends to 0.

Since A is a finitely generated F-algebra, we can pick a finite set {a1,...,a,} C A such that the
finite products of the a;’s generate A as an Fy-vector space. If we call M := max{1, |Ng,|,...,|Na,|},
it’s easy to prove that, for all b € A, |N,| < M™. For all ¢ € K*, if we write ¢ = ab™! with
a,b e A\ {0}, we have:

MW, = o T, (b1 T) Y| = < M

d—1
(Idd +Na) <Z Ng)
1=0

which proves the thesis. ]

2.2.2 Functor of Anderson eigenvectors

Definition 2.2.7. For any discrete A-module M, its set of Anderson eigenvectors is defined as the
A-module of continuous A-linear homomorphisms Hom$™ (M, E(Cs.)) € E(Coo)®M, where the A-
module structure on E(Cy,) is the one induced by ¢. We denote by Sf, : A —Mod — A — Mod the
natural functor that extends this map.

Remark 2.2.8. Using the identification F(Cy)®M = E(Cs)@M established in Proposition [2.1.14
we can rewrite:

Sfy(M) = {w € E(Coo)®M|(¢g ® 1)(w) = (1 ® a)w Va € A}.
In particular, Sf,(A) is precisely the module of special functions as defined in [GM21].

With the following theorem, we describe the functor Sfy.
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Theorem 2.2.9. Suppose that E is uniformizable. The functor Sty is naturally isomorphic to
Homy (A}, ®4 2, ). Moreover, the universal object in E(Coo)®Homy(Ay, ) corresponds to the

map Hom(Ay, Q) = KOOAWA¢ — E(Cw) sending the projection of c € KoMy to expy,(c).

Proof. Since E is uniformizable, E(C,) is isomorphic to Lie(E )/A¢ as a topological A-module. Endow

Lie(E) with the structure of topological K..-vector space described in Lemma the finite K-
vector subspace KooAg C Lie(£) admits a topological complement V', which induces an isomorphism

of topological A-modules F(Cy) = KooA¢yA¢ pV.

For any discrete A-module M, for any w € Sfs(M), its projection w onto V&M belongs to
Hom%™ (M, V). Since M is compact, the image of @ must be a compact sub-A-module of V; on the
other hand, since V' is a topological K.-vector space, for any v € V'\ {0} the set A - v is unbounded,
so the only compact sub-A-module of V' is {0}. We deduce that, for any w € Sf,(M), W = 0, therefore
we have the following natural isomorphisms:

Sfs(M) = Hom%™ (M,KOOAWAd) & V) = Hom %™ (M, KWA(ZVA¢> ;

by Lemma the right hand side is naturally isomorphic to Hom 4 (Hom4 (Ag, ), M).
Setting M = Homu (A4, ), and following the identity along the chain of isomorphisms, we

deduce that the universal object in wy € Hom%™ (KOOAW A¢7E(Cm)) is the continuous A-linear
map sending the projection of ¢ € Koo Ay to expy(c). O

For the sake of completeness, let’s prove a statement which does not assume uniformizability.

Theorem 2.2.10. If we restrict the functor Sfy to the subcategory of torsionless A-modules, it is
naturally isomorphic to Homy(Homa(Ag, Q), ).
Moreover, the universal object in E(Coo)® Homa(Ay, ) corresponds to the map

Homa(Ag, Q) = Kooy - B(Cx)

sending the projection of ¢ € Kooy to expy(c).

Proof. The map exp, is open because its Jacobian at all points is the identity; call C' its image. Since

C' is an open F4-vector space, the quotient b (COO)/C is a discrete A-module.

A discrete A-module M is torsionless if and only if it has no nontrivial compact submodules; in
this case, M is a compact A-module with no nontrivial discrete quotients. In particular, for any
function f € Sfy(M) = Hom%™ (M, E(Cy)), its projection onto E(COO)/C is trivial, hence the image
of f must be contained in C. The rest of the proof is the same as Theorem [2.2.9| up to substituting
E(Cy) with C. O

Definition 2.2.11. We define the universal Anderson eigenvector wy € Coo® Hom4(Ag, Q) as the
universal object of the functor Sfy.

As a corollary, we can describe the isomorphism class of the module of special functions Sf,(A)
for any Anderson A-module E, as already done by Gazda and Maurischat (JGM21|[Thm. 3.11]).

Corollary 2.2.12. The following isomorphism of A-modules holds:
Sfy(A) = {w € E(Coo)®A|(¢e @ 1)(w) = (1 ® a)w Va € A} = Hom4 (€2, Ayp).
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Remark 2.2.13. Fix an Fg-basis (p;); of the discrete A-module Hom 4 (A4, 2), with (u}); dual basis
of KOOAQV Ay By Proposition [2.1.14| we can express the universal object in the following alternative

way as an element of F(Co)® Hom (A, Q):

wg = expy(pf) @ pi,
i
where by slight abuse of notation we considered exp, as a map from KOOAW Ag to E(Cx).

2.3 Proof of a conjecture of Gazda and Maurischat

Recall from the introduction that an Anderson A-module E = (E,¢) of dimension 1 is called a
Drinfeld module. For simplicity, we assume E = G, so that F(Cy) = Cwo.

Denote by 7 : Coo — C the Frobenius endomorphism. Recall from Section that we can think
of the action of A on E as a ring homomorphism ¢ : A — C4[7] sending a to ¢, = 3, a;7¢, and that
the rank of E is defined as the unique positive integer r such that r - deg(a) = deg.(¢q).

We apply the results of Section in the context of a Drinfeld module E = (F, ¢) of rank 1
(i.e. such that its period lattice Ay has rank 1 as an A-module), with the further assumption that
oo € X(Fy), to answer a question posed by Gazda and Maurischat in |[GM21].

The following property holds (see [ANT17a|[Lemma 3.6, Rmk. 3.10] or [GM21]|[Prop. 3.18]).

Proposition 2.3.1. There exists an element f, € Frac(Ac_) such that, for allw € Sf4s(A) C Coo®A,
we have:
(T®Nw = fw.

Moreover, for all x € Coo®A, if (T ® 1)z = fux then x belongs to Sfs(A).

Remark 2.3.2. The element fy is a fundamental object in the study of a Drinfeld module (G, ¢)
of rank 1, and is called shtuka function; the previous proposition can be seen as an alternative to its
usual definition (see [Tha93|, [Gos98|[Def. 7.11.2]). In this thesis, we study fs and related functions

in Chapter {4| (see Definition [4.1.10)).

In particular, if there is some w € Sf,(A) which is an invertible element of the ring Coo®A, for all
w' € Sfy(A) we have (1 ® 1) (w—/) = %, ie. % € Fy ®F, A, hence Sfy(A) = A - w.

w
The conjecture of Gazda and Maurischat in |[GM21] is about the converse statement.

Conjecture 2.3.3 (|[GM21][Question]). If Sf,(A) = A, there is some w € Sfy(A) which is invertible
as an element of Coo®A.

We answer affirmatively with Theorem [2.3.7]

First, we prove two results to show that Pontryagin duality is well-behaved with respect to norms.
For starters, we endow the space I/(; >~ Q) ®4 Ko with a norm | - | such that it is a normed vector
space over (Ko, | - ||), and for any ideal J < A we use the same notation for the induced norm on

the quotient J of f(;; note that, since I/(; has dimension 1 as a K-vector space, | - | is unique up
to a scalar factor in Rs.
Proposition 2.3.4. Up to a scalar factor in R~q, for all f € I/(;\ {0}, we have

1£]7 = min{||A|| s.t. A € Koo and f()\) # 0}.
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Proof. Let t € Ky be a uniformizer: we can identify K. with Fy((t)), where if the series
p(t) = YiezMit! € Fu((t)) has leading term AitF, its norm is ¢~*. Consider the function

dt € Fy((t)) which sends p(t) as defined above to A_i: under the identification Ko = Fq((t)),

we have Ko = F,((t))dt, and up to a scalar factor in R we can assume |dt| = ¢~ L.

Take p € F,((t))dt \ {0} with leading term byt*dt, so that |u| = ¢ %=1 if p € F,((t)) has
lpll < ¢+, its leading term has degree at least —k, hence pu(p) = 0; on the other hand |[t=#~1|| = ¢!
and pu(t7%=1) = by # 0. In particular:

u| ™t =" = min{||p| s.t. p € Fy((t)) and pu(p) # 0} m

Proposition 2.3.5. Let J < A be a nonzero ideal and fix an Fy-basis (a;)ier of J strictly ordered by
degree, with (a})ier dual basis of J. The sequence (|af|)ier is strictly decreasing.

Proof. We can assume I C Z to be the set of degrees of elements in J, and that a; has degree ¢ for
all i € I. For all i € I set b; :== a;, while for all i« € Z\ I choose some b; € K, with valuation —i:
since all nonzero elements of K, have integer valuation, it’s easy to check that every ¢ € K, can be
expressed in a unique way as ) ;> Aib; where \; € F, for all i € Z and \; = 0 for ¢ > 0. Denote by
(b} )iez the sequence in %; determined by the property b (b;) = &; ; for all ¢, € Z. By Proposition
up to rescaling | - | by some positive real factor, we have for all i € Z:

D oAby

|bf| 71 = min{||c|| s.t. ¢ € K and b}(c) # 0} :min{
JEZ

s.t. >\z 75 0} = HbZH

Let’s prove that any c € I/(; can be expressed in a unique way as a series ) ;> A\;b; with A\; € Fy
for all 4 and A\; = 0 for ¢ < 0. We have:

=Y Nibj < (b)) = (Z Aibf> (b)Vj € Z & c(bj) = \;Vj € Z,
i€Z i€z

which proves uniqueness. Viceversa, since c is continuous, c(bj) = 0 for 7 <« 0, and since the sequence

(1651)jez = (lIbj[ =) ez is strictly decreasing and tends to 0, the series Y-;c7 c(b;)b; converges in K.

For any ¢ € l/(;, call € its projection onto J. Since (bi)ier = (ai)ier is an Fy-basis of J, bf = af if
© € I, and b] = 0 otherwise. For all ¢+ € I, we have:

la7| = min{|c| s.t. € =a]} = min Z)\jb; st. Ay =0,V €lp =|b| = l|ag| L. O
jez

To prove the main result of this section, we need to use a well known property of the exponential
function exp,, : Coo — Coo (see for example |Gos98|[Section 4.2]).
Proposition 2.3.6. Let (G, ¢) be a Drinfeld module. The following identity holds for all z € Cy:
z
expy(2) = 2 Z (1 - X> .
AEAL\{0}

Theorem 2.3.7. Suppose Sty(A) = A. Then, there is a special function in Sf,(A) which is invertible
as an element of Coo®A.
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Proof. As shown in Corollary2.2.12, A4 = Q. Fix an Fg-basis (a;);er of A like in the proof of Proposi-
tion [2.3.5] with ap = 1, and let (af)ic; be the dual basis of its Pontryagin dual
Az Q@4 Koo/ KwAWA¢.

By Remark [2.2.13] we can write the universal Anderson eigenvector as an infinite series
wy = Yexpylaf) ® a; € Coo®A (where by slight abuse of notation we considered expy as a
map from KOOA¢VA¢ to C). To prove it is invertible, it suffices to show that, for all i > 1,
| expy(ag)ll > llexpy(a;)||: indeed, if this is the case, and we set w = (expy(af) ™t ® L)wy, the
element 1 — w € Coo®A has norm less than 1, hence the series > on>0(1 —w)™ converges in Coo®A,
and is an inverse to 1 — (1 —w) = w.

For all indices 7, choose a lifting ¢; € KAy C C of a] € KOOA¢/A¢ with the least norm, so that

llci|l = |a;|; in particular, since Ay has rank 1, there are no A € Ay such that ||A|| = ||¢;||, so we have:
¢ Ci Ci
lexpo(edll = el TT 1=5=tesl T 1= =tet TT |5
AeAL\{0} AEAL\{0} AEAL\{0}
IMI<leill IMI<lleill

Since by Proposition the sequence (||¢;||); is strictly decreasing, from the previous equality
we deduce that the sequence (|| exp,(a;)[); is also strictly decreasing. In particular, || exp,(ag)| >
| expy(a;)|| for all 4 > 1. O
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Chapter 3

A topological approach to the
convergence of rational functions on

Xg

©.¢)

In this chapter, X, A, K, C are defined as in Section Consider the d-th symmetric power X9
for some positive integer d. For all field extensions L/F,, X!4(L) is the set of effective L-rational
divisors on X of degree d, and for all D € X!¥(L), we denote by H°(X}, D) the global sections of
the line bundle on Xy, associated to D. For any effective divisor D € X [d](qu), for any finite field
extension L/K.,, we endow the space H°(Xy, D) with the natural topology of finite vector space
over L. The aim of this section is to endow X (L) with a topology, which we call "natural compact
topology" (see Definition , such that the following proposition holds.

Proposition (Prop. [.2.9). Fiz a finite field extension L/K. and an effective divisor D_ in
XU(Fe), and consider a sequence (hy)m in H'(X1, D_).

If the sequence (Div(hy,) + D_), converges to Dy € XU(L) in the natural compact topology,
there are (Am)m in L* such that the sequence (Ayhm)m converges in HO(Xp, D_) to some nonzero
h with Div(h) = D4y — D_.

If the sequence (R, )m converges in H°(Xp, D_) to some nonzero h, the sequence (Div(hy,)+D_)m
converges to Div(h) + D_ € X[d](L) in the natural compact topology.

We need a topology on the L-points of other projective F,-schemes (such as the powers cartesian
powers X% for d > 1 and the Jacobian variety A of X). To ensure their good interaction we prove
that the compact topology that we define is functorial in Proposition

3.1 Natural compact topology on K -rational points of F,-schemes

Through this section, L is a finite field extension of K, with residue field F;, C Or and m; C O,
maximal ideal, and Y is a proper Op-scheme. We aim to construct a functor from proper schemes
over Or, to compact Hausdorff topological spaces, sending Y to Y (Or) = Y (L).

Lemma 3.1.1. The natural maps redry : Y(Or) — Y(Or/mk) for all k > 1, where we omit the
dependence on'Y , induce a bijection Y (Or) = @kY(OL/m’Z).
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Proof. Since Spec(Op) = lim, Spec(Or/m*), we have:

Y (Or) = Homp, (hg Spec(OL/mE),Y)
LHom@L (Spec(OL/m}), V) = y_y Op/mk). O

Remark 3.1.2. If we endow the spaces Y (Op, /mL) with the discrete topology, the limit topology
induced on Y (Op) = L . (Or /m 7 ) is Hausdorff. Since Y is finite-type over O, and Oy, /m 1 is finite

for all k, the space Y (Op/m%) is finite for all k, so the limit topology makes Y (Op) into a compact
space. Moreover, Y (Op) can be endowed with an ultrametric distance d as follows:

(P, Q) = max {plk redy 1 (P) # redL,k(Q)} .

keN

The only non obvious property to check is the ultrametric inequality: for all P,Q,R € Y (Or), if
redy, ;(P) = redy x(Q) and redy, ;(Q) = redy, ;. (R) we have redy, (P) = redy, x(R), hence

d(P,R) < max{d(P,Q),d(Q,R)}.
Definition 3.1.3. We call natural compact topology the topology induced on Y (L) = Y (Op) by the
bijection ¥'(Or) = lim, Y (O /mk).
Definition 3.1.4. We denote by redy, : Y(Or) — Y (Opr) and call reduction the composition of the

map redr; : Y(Or) — Y (Fpr), induced by the projection O, — Fp,, and the map Y (Fr) — Y (Or)
induced by the inclusion F;, C Oy,

From this point onwards, unless otherwise stated, we interpret the set Y (L) as endowed with the
natural compact topology. Similarly, if Y’ is a proper F,-scheme, the set Y'(L) = Y, (L) is always
endowed with the natural compact topology.

Proposition 3.1.5. The map associating to a proper Or-scheme Y the topological space Y (Or) can
be extended to a functor Fr,.

Proof. For every morphism ¢ : Z — Y of proper Op-schemes, the induced map
vo, : Z(Or) — Y(Or) induces a system of maps (‘pOL/m’Z 0 Z(Op/my) — Y(Or/mk)); which

commute with the transition maps of the diagrams (Z(Op/m%)); and (Y (Or/m%))k, hence o, is
continuous.

If we set Fr(p) := po, for all morphisms, it’s easy to check that F7, sends the identity map to
the identity map and preserves composition, hence it is a functor. O

Remark 3.1.6. We also obtain a functor from proper Fg-schemes to topological spaces, sending a
scheme Y to Y(Or) = Y (L), by precomposing Fj, with the base change Y — Yp, .

Lemma 3.1.7. Let f : Z — Y be a morphism of proper O -schemes. Fix a subset V. C Y (L) with
preimage U C Z(L), such that Fr(f)|v : U — V is bijective. Then Fr(f)|u is a homeomorphism.

Proof. The map Fr,(f): Z(L) — Y(L) is closed, being a continuous map between compact Hausdorff
spaces. Any closed set of U can be written as C N U, with C C Z(L) closed. We have:

FL(/)(CNU) = Fu(f) (CNFL(f)" (V) = FL(H(C)nV,

which is closed in V' because Fr(f)(C) is closed in Y (L). This means that F7(f)|y is closed, and
since it induces a bijection between U and V, it is a homeomorphism. O
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Remark 3.1.8. In the case of the projective space P" of dimension n over F,, the set P"(L) is in
bijection with (L"*1\ {0})/L*; since the latter has a natural topology induced by L, the former also
does, and it’s easy to check that it’s the same as the natural compact topology we defined.

The following statements show that the functor F, sends group schemes to topological groups.
Lemma 3.1.9. The topological spaces Fr,(Y xo,Y) and F,(Y)x F(Y') are naturally homeomorphic.

Proof. The projections 1,7 : Y x Y — Y induce a natural continuous map from Fp(Y xp, Y) to
Fr(Y)x Fr(Y). Since both spaces are compact and Hausdorff, the map is closed; since the underlying
function is the natural bijection (Y xo, Y)(L) 2 Y (L) x Y (L), the map is a homeomorphism. [
Proposition 3.1.10. If Y is a (commutative) group scheme over Or, the metric on Y (L) is trans-
lation invariant, and makes it into a (commutative) topological group.

Proof. By Lemma we identify Fr(Y xp, V) = F(Y) X F,(Y) via a natural homeomorphism.
Call e the identity, i the inverse, and m the multiplication of Y. Then F7(Y) has a natural
structure of topological group, with identity FJ (e), inverse F (i) and multiplication Ff,(m), because
all the necessary diagrams commute by functoriality. For the same reason, if Y is commutative as a
group scheme, Y (L) is commutative as a topological group.
To prove the invariance of the metric, we need to show that every translation is an isometry. Fix
a morphism of Op-schemes P : Spec(Or) — Y (i.e. P € Y(Op)), and consider the following:

Ip:Y 2 Spec(OL) xo, Y 2295V 50, ¥ 5 Y,

so that Fr(lp) : Y(L) — Y (L) is the left translation by P. It’s immediate to check that, if we call
—P the inverse of P in Y (Or), [_p is the two-sided inverse of [ p, therefore they are isomorphisms. In
particular [p induces a family of bijections {Y (O /m¥) — Y (O /m¥)};>1, whose limit is precisely
Fr(lp), hence Fr(lp) is an isometry. The proof for right translations is essentially the same. O

Corollary 3.1.11. Suppose that Y is a commutative group scheme. Denote by addition the group
law on Y (L) and by 0 its identity element. If (P;)ien s a sequence in Y (L) converging to 0, then the
series y_; P; is a well defined element of Y (L) (i.e. the sequence of partial sums converge).

Proof. Call d the distance on Y'(L). Since d is ultrametric, we just need the limit of the distances
d(Sk, Sk—1) to be 0, where Sy, := Zf:(] P;. Since the metric is translation invariant, limy d(Sk, Sk—1) =
limy, d( Py, 0), which is zero by hypothesis. O

3.2 The natural compact topology on the space of divisors

In this section we state some propositions about the symmetric powers of a curve and its Jacobian.
Most results are already stated and proven in [Mil86].

Recall the definition of X; Sy is the permutation group of d elements. We have the following (see
[Mil86][Prop. 3.1, Prop. 3.2]).

Proposition 3.2.1. Fiz a positive integer d. Consider the natural right action of Sy on X¢ and call
its quotient X4, Then X4 is a proper smooth Fq-scheme.

The following result (see |[Mil86)[Thm. 3.13]) gives us the functorial interpretation of the sym-
metric power X [d].
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Theorem 3.2.2. Consider the functor Divgl( which sends an Fg-algebra R to the set of relative
effective Cartier divisors of degree d on Xpr over R (i.e. effective Cartier divisors on X which are
finite and flat of rank d over R). This functor is represented by Xl

Corollary 3.2.3. For every field extension E/F,, X(E) is in bijection with the finite closed E-
subschemes of Xg of degree d.

Let’s continue with the fundamental property of the Jacobian variety (see [Mil86|[Thm. 1.1]). For
any F,-algebra R, we denote by mr : Xp — Spec(R) the structure morphism; for any field extension

L/Fq, we denote by deg : Pic(X) — Z the natural function associating to an invertible sheaf—up to
isomorphism—its degree.

Theorem 3.2.4. Call PY the natural functor from Fy-algebras to abelian groups such that for any
Fq-algebra R:

_ {L € Pic(Xg)|deg(i* L) = 0 Vi : Spec(k) — Spec(R) closed point}

PY(R) 75 (Pic(Spec(R))

There is an abelian variety A over Fy, called the Jacobian variety of X, and a natural transformation
of functors Py — A which induces an isomorphism PY(R) = A(R) whenever X (R) # (.

Let’s fix a point 0o’ € X (Fg) with support at co. The following result clarifies the relation
between the symmetric powers of X and A (see [Mil86][Thm. 5.2]).

Theorem 3.2.5. For all d > 1, the point oo’ € XF,e induces a natural morphism of Fge-schemes

Je . X,[:(?e — Aqu- Moreover, the morphism J9 : X,[:gje — AFQE is birational and surjective.
Remark 3.2.6. For every field E/Fg, at the level of E-points the morphism J 4 sends an effective
divisor D of degree d to the class of D — dod’.

Finally, we give a result on the fibers of the map J¢ (see [Mil86][Rmk. 5.6.(c)] and [Har77|[Prop.
11.7.12)).

Proposition 3.2.7. Fiz a field extension E/Fg and a point D € X,[:Cge(E), define

P:=JloD ¢ Ag o (E), and call V' the E-vector space H%Xg, D). The fiber (J¥)*P is naturally
isomorphic as an E-scheme to P(V).

For any field extension E'/E, for all f € E' @V = HY(Xgr, D), the isomorphism sends the line
E' - f e P(V)(E') to Div(f) + D € X4(E").

Corollary 3.2.8. Let D € X,[:C?e (E) with h°(D) = 1. If Jo D € Af . (E) factors through some
P € Af . (E), D factors through some D' € X,[:‘?e (E).

Proof. Since D factors through some finite extension ® : Spec(E’) — Spec(E), we can assume

D e X,[:Ci]e (E') without loss of generality. By Proposition [3.2.7, the pullback of P o ® € Af . (E')

along J¢ is a morphism Spec(E’) — X,[:‘?e, hence it is exactly D. If Z — X'[:i]e is the pullback of P
along J%, Z Xgpec() Spec(E') is isomorphic to Spec(E'); we deduce that Z = Spec(E), and D factors
through Z — X7, 0
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With the following proposition we can finally switch between convergence of functions and conver-
gence of divisors, an essential step to prove the functional identities in Theorem [£.1.9] and Theorem

EZT

Proposition 3.2.9. Fiz a finite field extension L/ K and an effective divisor D_ in X[d}(qu), and
consider a sequence (hy)m in HO(Xp, D_).

If the sequence (Div(hpy,) + D_)m converges to Dy € X(L), there are (A\n)m in L™ such that
(Amhm)m converges in H°(Xp, D_) to some nonzero h with Div(h) = Dy — D_.

If the sequence (R, )m converges in H(Xp, D_) to some nonzero h, the sequence (Div(hpy)+D_)m
converges to Div(h) + D_ € Xl4(L).

Proof. Call V := H° (X;:qe ,D_) and call Z; the pullback of the closed subscheme [D_ — dod'] € Ar.

along J9 : X,[:C?e — Af,c, so that Div(h,,) + D- € Zy(L) for all m. As we noted in Remark [3.1.8

P(V)(L) is homeomorphic to (H°(Xy, D_) \ {0})/L* endowed with the quotient topology. On the
other hand, by Proposition (setting £ = Fge and D = D_), the Fge-schemes P(V) and Z; are
isomorphic; in particular, the induced map P(V)(L) — Z4(L), which sends a line L- f € H*(X, D_)
to Div(f) + D_, is a homeomorphism in the natural compact topology, by Remark

If the sequence (Div(h,,) + D_),, converges to D € Zy(L), this proves that the equivalence
classes ([hm])m in HY(Xp, D_)/L* do converge to an equivalence class [h] whose divisor is D, — D_.
Since the projection is open, we can lift this convergence to H(Xy, D_) up to scalar multiplication.

The map H(Xy,D_)\ {0} — Z(L) sending a function f to the effective divisor Div(f) + D_
is continuous. In particular, if the sequence (hy,)m converges to a nonzero h € H°(Xp,D_), the
sequence (Div(hy,) + D_),, converges to Div(h) + D_ € Z;(L). O

3.3 Frobenius and divisors

Fix a nonzero ideal I < A, denote by I its class in the ideal class group C1(A); with slight abuse of
notation, call I also the corresponding effective divisor of X (if e.g. I = A, the corresponding divisor
is the unique divisor of degree 0). Call = € X (K) the morphism Spec(K) — X \ {oo} corresponding
to the canonical inclusion A — K. From now on, we assume oo to be Fy-rational.

In Subsection we recall the notion of Frobenius twist P(Y) for a point P in X4(K,.), and
study its behavior with respect to the natural compact topology. The main result is Proposition|3.3.6
where we prove that the sequence (P(™)),, converges to redy_(P) in X4 (K,) (with the natural
compact topology).

In Subsection we study the divisor of a rational function h on Xg_  with respect to its
expansion » ;s c;u' as an element of K((u)), where u is a uniformizer of Ko, . Among several
useful results, the most significant is Proposition where we state the identity Div(cg) =
redg__(Div(h)).

Finally, in Subsection Im we construct the divisors V7, form >0 and V7, in X 9(Ky) (see
Proposition [3.3.25)), uniquely defined by the following linear equivalences for m > 0:

Vi = Vi ~ E =20 . Vi Vil ~oo -2
redg,, (Vi) ~ (deg(I) + g)oo—I redg., (V7,) ~ (deg(I) + g)oo — I

(1)

The main result is the convergence of the sequence (Vf,*,m)m>>0 to V; ' in X 9)(K+) (Proposition
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3.3.1 Frobenius twist

In this subsection we define the Frobenius twist for a (proper) F,-scheme Y and study its behavior
with respect to the topology of V(K ). The fundamental results are Proposition and Lemma
B.3.10

Definition 3.3.1. Let Y be an F;-scheme, and R an F4-algebra. Denote by Frobg the endomorphism
of Spec(R) induced by raising to the g-th power, and by F} := Idy x Frobg the endomorphism of
Yr=Y X Spec(Fq) SpeC(R)'

Call Ty : Yg — Y and 7g : Yg — Spec(R) the natural projections. For all P € Y(R), P denotes
the unique element of Homp(Spec(R), Yg) such that P = my o P. We call Frobenius twist of P,
denoted by P € Y(R), the only element such that P() is the pullback of P along Fj;. The n-th
iteration of the twist is denoted by P for all n € N.

Lemma 3.3.2. In the notation of Definition we have PY) = P o Frobp.

Proof. We have the following cartesian diagram:

Spec(R) P Yr —% Spec(R)

Frob RJ O JF}{ 0 JFrob R

Spec(R) = Yr Spec(R).

TR

Since 7y o Fy = my, PO =gy 0 PO =gy 0 FY o P) = 7y o PoFrobg = P o Frobg. O

Remark 3.3.3. In light of Lemma if Frobpg, is an isomorphism, for all P € Y (R) we can redefine
P®) € Y(R) as P o (Frobg)* for all k € Z.

Lemma 3.3.4. Fix a positive integer d, an Fq-scheme Y, and an Fg-algebra R, and consider a point
(Pi,...,Py) € YYR). Its Frobenius twist is (Pl(l), e ,Pél)).
Proof. The i-th projection m; : Y¢ — Y is such that m; o (P, ..., P;) = P;. By Remark

Ty O ((Pl, . ,Pd)(l)) = T; O (Pl, . ,Pd) o FI"ObR = Pz o FI'ObR = F)Z(l) ]

Remark 3.3.5. The analogous statement, with the same proof, is true for any product of F,-schemes.

Let L/K be a finite field extension with residue field F;, C Op and Y a proper Op-scheme.
Recall the notation redy, from Definition [3.1.4]

Proposition 3.3.6. Fiz a point P € Y (L), and set ki such that #Fy = ¢*.. The sequence
(PmkL+1)) - conwerges to redr,(P)™) in Y (L).

Proof. Since Spec(Or) only has one closed point, we can choose an open affine subscheme
U C Y with B := Oy(U) such that P € U(Opr): P corresponds to a map of Op-algebras
xp : B — Op; its reduction modulo my, composed with the immersion F; — Op, is equal to
the morphism X,eq, (p) : B — Oy corresponding to redy (P) by Definition For all i, P() corre-

sponds to the map (-)qi o xp, which modulo m‘g is the same as x,.q, (p)®, hence the projections of

P and redy,(P)® onto Y((’)L/qui) coincide. Since redy,(P)™Fr+9) = yed (P)® for all m > 0, this
proves the convergence. O
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Remark 3.3.7. For any effective divisor D of the curve X over Spec(L), we can define its twist
DW as the pullback along FX. Obviously, if D = Y P; with P, € X, (L;), DV = Y PV,

Definition 3.3.8. Let h be a non-constant rational function on Xy, i.e. a non-constant morphism
of L-schemes X7 — P}. We define the Frobenius twist h(") := h o FX.

Remark 3.3.9. The field of rational functions of X7, is Frac(L ® A), and if h =), l; ® a; in L ® A
is non-constant, K1) = > i1 ® a;. In particular, we can naturally extend the Frobenius twist to the
constant rational functions L ® F; € L ® A as the elevation to the ¢-th power.

We show that the Frobenius twists of divisors and rational functions are compatible.

Lemma 3.3.10. Let h be a nonzero rational function on Xy, and call Div(h) its divisor. Then,
Div(h()) is equal to (Div(h))W).

Proof. If h is a constant function, both sides are the empty divisor. If A is non-constant, for any
closed point P € P}, (hD)*(P) = (FX)* o h*(P); setting P = [0 : 1] and P = [1 : 0], since the
Frobenius twist on the divisors is induced by the pullback via Fg( , we get our thesis. O

3.3.2 Rational functions on Xy _ as Laurent series

Let L/Ko be a finite field extension with a uniformizer u € Op, call Fr, € Op, the residue field of
L, and kj, the integer such that #F; = qu. Call K' := FL, ® K, i.e. the fraction field of Xg,, and
A = FL ® A.

Remark 3.3.11. Since the field of rational functions on X7y, is the fraction field of O ® K, which
has as a maximal ideal m;, ® K = (v ® 1)Or, ® K, we can endow it with the m;, ® K-adic metric.

Lemma 3.3.12. The field of rational functions on X can be naturally immersed in K'((u)), and
this immersion is a completion with respect to the my ® K-adic metric. Moreover, it induces an
isomorphism between the completion L&A of L® A= H°(Ox,,(X \ 00)1) and A'[[u]][u~1].

Proof. The natural isomorphisms (O, ® K/mk ® K = K'[u]/u™),>1 pass to the limit and to fraction
fields, giving a natural isometry between the completion of the field of rational functions on Xy and
K'((w).

The inclusion L® A C A’[[u]][u~!] is obvious, and by the previous reasoning it is an isometry with
respect to the natural metric of L ® A; on the other hand each element in A’[[u]][u~!] is the limit of
its truncated expansions, which are in L ® A. O

Lemma 3.3.13. For all positive integers d, the induced inclusion of H°(Xp,doo), endowed with its
natural metric of finite L-vector space, into K'((u)) is a closed immersion.

Proof. The restriction of the my ® K-adic metric of the field of rational functions on X, to the space
H°(X,doo), which is isomorphic to L ® A(< d), is the natural metric of a finite L-vector space. By
Lemma [3.3.12] the inclusion into K'((u)) is an isometry, hence a closed immersion. O

Remark 3.3.14. For any rational function h on Xy, if we write h = 3 .-, c;u? € K'((u)), with

¢j € K' for all j, then bV = Yo, ¢\ u®.

j>m

To better understand the usefulness of K’((u)), let’s state a couple of propositions. First, we
prove a very natural result, analogous to Lemma [3.3.10| but with the reduction instead of the twist.
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Definition 3.3.15. For all nonzero rational functions h on X, write h = >
¢; € K’ for all j and ¢, # 0, and set redy, (h) := ¢;.

Proposition 3.3.16. For all nonzero rational functions h on X, Div(red,(h)) = redr(Div(h)),
where both are Fr-rational divisors of Xg, .

iom ! € K'((u)) with

Proof. Since for any nonzero rational function h on Xy, there is a positive integer d and hy,h_ in
Or ®g, A'(< d) such that h = Z—j, we can assume h € O ®g, A'(< d). Up to a factor in L, we
can also assume h = Y ;50 cu’ € K'[[u]] with ¢ € A’(< d) \ {0}. By Remark [3.3.14] the sequence
(RU™kL)Y s equal to (>0 cjuqukL)m, hence it converges to ¢o in K'[[u]]; by Lemma [3.3.13| this
convergence lifts to L ®f, A’(< d). The sequence of divisors (Div(h(™/L)) + doc),,, by Proposition
converges to Div(cg) + doo in X¥(L); on the other hand, by Proposition it converges to
redy,(Div(h)) + doo, hence we have the desired equality. O

We prove now that the immersion of the field of rational functions on Xy, in K’((u)) behaves
reasonably well with evaluations.

Proposition 3.3.17. Fiz h € H°(X,doo), and expand h =Y, h(i)ui as an element of K'((u)); fix
P e Xg, (L) \ {oo}, corresponding to a Fr-linear homomorphism xp : A" — L. Then, hay € A" for
all i and h(P) = >, xp(h@)u'.

Proof. We can write h = 3, vja;j, with v; € L = Fr((u)) and a; € A'(< d), hence h(;y € A'(< d)
for all 7. For all integers m define v ,, as the truncation of v; € Fr((u)) at the degree m, and define
hm i= 325 Vima; € K'[u*'], so that h,, = di<m h(i)ui. We have the equalities:

hm(P) = xp (Z ’Yj,maj> = Z'Yj,mXP(aj)5

J J

= (Z hm“i) = 2 xplh)u'
i<m i<m
where we used that both summations are finite. Since the sequence (v;m)m converges to ~y; in Fr,((u))
for all j, the first equation tells us that the sequence (h.,(P)), converges to h(P). From the second
equation we deduce that the series ), Xp(h(l'))ui also converges, and is equal to h(P). O

Proposition 3.3.18. Let h = Y hgu' € A'[[u]]lu™!] be a rational function on Xp, and fix
P € Xg, (L) such that redr(P) # oo, corresponding to a Fr-linear homomorphism xp : A" — Of.
Then P is not a pole of h, and h(P) =3, Xp(h(i))ui.

Proof. For N > 0, the space H°(Xp,Noo — Div_(h) — P) is strictly included in
H°(Xp,Noo — Div_(h)); we can fix h_ in their difference, and set hy := hh_; by definition,
h+, h_ e L®A.

If we write hy = ), h+7(i)u" and h_ = ), h_7(i)ui, we have for all integers k£ the equation
hy k) = 2itj=k P(iyh— (j)» which commutes with evaluation, being a finite sum. Since xp has image
in Or, the series ), x p(h(i))ui converges, hence by Proposition we get the following equation
in OLZ

hi(P) =3 xp(he gy)u =30 >0 xplhe)xp(hegu’
" k itj=k

= (Z XP(h(i))ui) (Z XP(h,(j))Uj> = (Z XP(h(i))ui) h—(P).
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Since h_ € H°(X,, Noo—Div_(h))\ H*(X, Noo—Div_(h) — P), if P is a pole of h, then P is a zero
of h_ of the same order, and hi(P) # 0, hence we reach a contradiction by the previous equation.
Since P is not a pole of h, then h_(P) # 0, and since h4(P) = h(P)h_(P) we get:

hP) = ) = Sl a

Proposition 3.3.19. Let h = Y, hyu' € K'((u)) be a rational function on Xr. Then, h is in
A'[[u]][u=?] if and only if all its poles reduce to oo.

Proof. Suppose h € A'[[u]][u~!] and take a pole P € X[ (E) of h, where E/L is a finite field extension.
Define A” := Fg ® A and K" := Fg ® K, where Fg is the residue field of E, and fix a uniformizer
v of Og. The natural immersion K’((u)) € K”((v)) sends h into A”[[v]][v™!]; applying Proposition
to the function h, defined over the field F, redg(P) = oo.

If vice versa h & A'[[u]][u""], call m the least integer such that h(,,) ¢ A’ and set b’ := 3"

By Lemma [3.3.16}

<m
Div(h(,,)) = Div(red,(h — h')) = redy (Div(h — 1')),

therefore, since h,,) ¢ A’, h — h/ has a pole at a point P which does not reduce to co; on the other
hand, since k' € A’[[u]][u"!], B’ does not have a pole at P, hence P is a pole of h = (h—h') + 1. O

Corollary 3.3.20. Let h = Y, hyu' € A'l[u]][u™'] be a nonzero rational function on X, and
suppose that the coefficients (h(;); are all contained in some mazimal ideal P < A'. Then P, as a
closed point of X, is a zero of h.

Proof. Take a point Q € X (L) with support at P. By Proposition [3.3.18) we get the identity
hQ) =X hpy(Q)u' = 0, hence P is a zero of h. O

3.3.3 Notable divisors and convergence results

As foreshadowed by Lemma [3.3.10] in this subsection we explore the relation between Frobenius
twists, divisors, and the natural compact topology.

We also present an alternative construction of the Drinfeld divisors (see [Tha93|) from a topolog-
ical point of view.

Lemma 3.3.21 (Drinfeld’s vanishing lemma). Let E/K be a field extension, W a point in X 4(E) for
somed < g, P,Q € X(E). Suppose that [W —W ™| = [P —Q], where P # Q™ for 0 < s+d < 2g;
then d = g and h°(W) = 1.
Proof. Call Wy := W and set W1 = W; + QU™ for all i € Z. Note that, since deg(W}) = d + k,
RO(W_4_1) = 0 and hO(WQQ,d,l) = g. For all i, we have the inequalities h®(W;) < hO(W;y1) <
RO(W;) + 1, so there is a least integer k € [—d, 0] such that h®(W},) = 1.

Let’s prove that for all i € [—d,2g —d — 1], if h°(W;) > 1, then h°(W; 1) = h®(W;) + 1. We have
two relations:

Wiy = (W + Q(m) 4ot Q(im)) +Q = (Wi(m) _ W(m) + W) +Q ~ Wi(m) + P

they imply that HO(XE,Wi(m)) C HY(Xg,W;y1) and HY(Xg,W;) € H°(Xg, W;1). To prove that
those inclusions are strict, we need that H°(Xg, W;) # H°(Xg, I/Vz-(m)) as subspaces of H(X g, Wii1);
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they have the same dimension because the m-th Frobenius twist induces an isomorphism between the
two vector spaces, so we just need W; Wl-(m), but:

Wi £ W™ oW =W oL QU —Q & Pyt QU™ & P £ QM
which is implied by our hypothesis. In particular, since Wa,_4_1 has degree 2g — 1, we get that
g=h" Wy g1) =h'(Wi)+29—d—1—-k=29—-d—Fk,
therefore g = d + k; but k < 0 and d < ¢ implies d = g and k = 0, therefore h°(W) = 1. O

The previous lemma ensures that if such a divisor W exists, it has no other effective divisors in
its same equivalence class. On the other hand, the existence of such W in some particular cases is
ensured by the following results.

As usual, let L be a finite field extension of Ko, with residue field F;, C Oy, and ¢ = #F,

Lemma 3.3.22. Call Ao(L) the kernel of redy, : A(L) — A(FL) (which is a continuous homomor-
phism). The map A(L) — Ao(L) x A(Fr) sending a point D to the couple (D — D*L) vedy, (D)) is
an isomorphism of topological groups.

Proof. The map is obviously a continuous group homomorphism. Since domain and codomain are
both compact and Hausdorff, it’s sufficient to prove bijectivity.
On one hand, to prove injectivity, if we suppose D — D*L) = 0 we have D € A(Fp), so if
redr, (D) = 0 we can deduce that D = 0.
On the other hand, to prove surjectivity, we ﬁDo, D) € Ay(L) x A(Fr) and show that they are
'

(“CL))

the image of some D € A(L). By Proposition [3.3.6) we have that the sequence (D ; converges

to redr(Dg) = 0, hence by Corollary [3.1.11| the series D+ 2250 D(()ikL) converges to some point
D € A(L). Since the Frobenius twist and the reduction redy, are continuous endomorphisms of A(L),
we get the following equations:

D —D®) = D4+ 3" pik) — plk) 37 piike) — py; redr,(D) = red (D) = D,
i>0 i>1
hence the image of D is (Do, D). O

From now on, given an effective divisor W e X¥4(K_), we denote by J(W) its image via the
morphism J% : X9 — A, ie. the equivalence class [W — doo] in the Jacobian (so that, for any pair
of effective divisors W and W’ of arbitrary degree, J(W + W') = J(W) + J(W")).

The following proposition holds (cf. [Tha93|[Cor. 0.3.3, Lemma 1.1]).

Proposition 3.3.23. Fiz a point D € A(F,), and let P,Q € X(K) such that redg,__(P) is equal to
redg. (Q), with P # Q) for |s| < 2g.

Then, there is a unique effective divisor W such that: [W — W] = [P — Q), the reduction of
J(W) is D, and deg(W) < g. Moreover, in retrospect, W € X9(K.) and, if R is a point in the
support of W, R & X (Fy).

Proof. By Lemma there is an element D' € A(K) such that D' — D' = [P — Q] and
redg__(D') = D. Since the morphism J9 is surjective, there is a divisor W € X9(K) such that
J(W) = D'. By Drinfeld’s vanishing lemma, there is only one divisor of degree < g with the requested
properties, hence h®(W) = 1; by Corollary W is Ko-rational.
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Now, call W’ < W the maximal F-rational effective divisor (W’ € X!4(F,)), and call G the group
of Ko-linear field automorphisms of K., which acts naturally on X (Ky). Since W € Xl9/(K,), it

is fixed by the induced action of G; moreover, this action sends X (F,) to itself, hence W’ < W is also
fixed by G: since W’ is both K-rational and Fy-rational, W’ € X9(F,). We have:

W=wW)—=W-wHY =W w4+ W -wy=w-wh ~p_Q,
but deg(W — W') = ¢ from Drinfeld’s vanishing lemma, hence d = deg(W’) = 0. O

Recall the notation of I, I,Z from the start of this section.
Lemma 3.3.24. We have the identity redi_ () = 00 in X(K).

Proof. Since the image of the canonical inclusion A — K. is not contained in Og_, the
morphism = : Spec(Ks) — X \ {co} does not factor through Spec(Ok. ), which means that
redi (E) € X(Fy) \ {00}, so redg_ (E) = . O

Next, we construct some notable divisors.

Proposition 3.3.25. The following effective divisors of Xk exist and are unique:
o a divisor V; of degree < g, such that redg_ (J(V})) = J(I) and Vi — Vl—(l) ~Z—00;

o form > 1, a divisor Vi, of degree < g, such that redk_ (J(V7)) = J(I) and Vi, — VI—(Z ~
=1) _ E(mH);

e a divisor Vi, of degree < g such that J(Vf,)+ J(Vy) = 0;
o form >0, a divisor Vi, of degree < g such that J(V;, )+ J(Vf,,) =0.
Moreover, in retrospect, their degree is exactly g.

Proof. Let’s first note that the divisors, if they exist, are well defined: since for all a,b € A\ {0}
J(al) = J(bI), the properties of the divisors we want to construct only depend on the ideal class
I €CI(A) of I.

Since redg_ (E) = oo by Lemma we can apply Proposition to P=Zand Q = o0
(resp. P =20 and Q = 2™+ for m > 0), so the divisor Vi (vesp. Vr,,) exists, is unique, and is
contained in X9 (K,).

Since J9(K) : XW(KL) — A(K) is surjective, there is at least one effective divisor Vi, of
degree at most g such that J(Vz,) = —J(Vy). It has the following properties:

1 1 =

Vi =V =W =Vl =02 redic, (J(V,)) = —redse, (J(V)) = —J(I).

By Proposition [3.3.23| applied to P = oo and @ = =, Vi . is unique, Koo-rational, and of degree g.
Similarly, the existence and uniqueness of V7, ,, for m > 0 are ensured by the following properties:

Vi — VI~ 500D 20 and redge (J(V, ) = — (D). 0
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Remark 3.3.26. If we fix an inclusion H C K, where H is the Hilbert class field of K, the Drinfeld
divisors V; are actually H-rational, and the natural action of Gal(H/K) on the set {V;} (4 is free

and transitive (see [Hay79][Prop. 3.2, Thm. 8.5]). Call I? € CI(A) the element such that V7, = V7.

Since this action commutes with morphisms of schemes, for all o € Gal(H/K), for all I € Cl(A), we
have that

[‘/]_(j* - gOO] = [‘/}*’* — gOO]U = [gOO — ‘/j]U = [goo — Vfg] = [goo — V}—U] = [Vfo,* _ gOO],
hence VI—‘T* = Vo, by Proposition (3.3.25 because of uniqueness.

Finally, we state the main result of this subsection, which is central to the proof of the main
theorems.

Proposition 3.3.27. The sequences (Vf,m)m and (Vf*m)m converge respectively to the divisors Vl—(l)
and VI—(? in X9(K.).

Proof. Define U := {D € X (K,)|h°(D) = 1}, so that the restriction J9(K )|y induces a bijection
of U with its image in A(K); by definition, U is the preimage of its image, hence by Lemma the
restriction JY9(K )|y is a homeomorphism. By Proposition [3.3.25| for m > 0, hO(Vj,m) = hD(VI—1 )=

1, 80 Vi, VI—(I) € U, and it suffices to prove the convergence of their images in A(Ko).
If we identify A(K) and A(F,) x Ao(K) by Lemma 3.3.22] we have:

Im m

lim V., =lim (redge., (J*(V7,,)), [V, — ViD]) = lim (J(1), [V — 50 +1)])
Wy i) - V-(Q)]) v

= (J(I1),[EW - o0]) = (redg, (J9(V]
where we used that lim,, 2™ = oo in X (K4 ) by Lemma [3.3.24{and Proposition Similarly, for

the other statement, it suffices to prove that the sequence (J(V7,,.))m converges to .J (VI—(?), which

is obvious because J(VI—(?) = —J(Vf—(l)) and J(Vr,,.) = —J(Vf,,) for all m > 0. O
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Chapter 4

Pellarin-type identities in Drinfeld
A-modules of rank 1

We adopt the notation of the previous chapter, and consider the degree map deg : A — Z and the
norm || - || : Coo = R0 as defined in Section [1.3] We also assume oo € X to be Fy-rational.

Pellarin’s zeta function, first introduced in [Pel12] in the case A = F[¢], is defined as the following
series:

Cp = — Z a 'l ®a e Cu®A.
acA

As we explained in the introduction, Pellarin proved in his original article that the product of (4 with
the Anderson—Thakur special function is a rational function on P(l:oo, and this rationality was also
proved by Green and Papanikolas when X is an elliptic curve in [GP18]. Theorem generalizes
this result to curves of arbitrary genus.

Let’s give an intuitive explanation on why we should expect a similar theorem to hold. On one
hand, given a Drinfeld module (G, ¢), the defining property of a special function w € Co,®A is that

wh) = fu,

where f is the shtuka function relative to ¢, with divisor V() — V + 2 — 0 (recall Proposition m
and Remark [2.3.2)). This property suggests that we could define a special function w as an infinite

product similar to
-1
i>0

with some adjustments, we prove a similar formula in Theorem and Theorem [4.3.29] Using this
formula we can compute a formal divisor of w outside the point at co (which we temporarily denote
by Div’) in the following way:

@_ ...

(1]

k—1
Div'(w) = — lim Div’ (H f(i)> = —liin(V(k) —V4E4. 4Ry = V —lim vk =z

i>0

On the other hand, Pellarin’s zeta (4 € Co®A can be interpreted as a function from X (Cs) \ {00}
to Coo, and—as proven by Chung, Ngo Dac and Pellarin in [CNP23]—is 0 when evaluated at Z(™ for
all n > 0. Therefore, if we could attach to (4 a formal divisor outside the point at oo, it would be:

Div/(Ca) =W +EW 4. 20 4
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for some unknown formal divisor W, which represents the set of "nontrivial" zeros of (4. Multiplying
with the special function w, we obtain:

Div'(Caw) = W +V —lim vk,

This suggests that to prove the rationality of the product (4w we need to prove that W is a proper
divisor, or in other words that the set of "nontrivial" zeros of (4 is finite.

In this chapter we avoid the use of "formal divisors" by instead using well-behaved rational approx-
imations of the functions w and (4, but the reasoning we have just outlined is the guiding principle
behind the proofs of the main results.

4.1 Pellarin zetas

Throughout this and the next sections, we fix a uniformizer © € K of K., and a nonzero ideal I < A.
As in the previous section, we also call I the corresponding closed subscheme of X \ {oo}, and d its
degree. For any rational function h on Xc_ , we denote by sgn(h) the sign of h at co with respect to
1 ® u—which is a rational function on X¢_ with a zero of degree 1 at oo—so that for all a € A\ {0}
the sign sgn(1 ® a) is equal to red,(a ® 1).

The following definition is a generalization of the zeta functions a la Pellarin introduced in [Pel12].

Definition 4.1.1. The (partial) Pellarin zeta relative to I is defined as the series:

(r=— Y a'®acKHA
ae\{0}

In this section, we first define the rational approximations {(r, } of (; and compute their divisors,
following the proof of Chung, Ngo Dac and Pellarin in the case I = A (see [CNP23|[Lemma 2.1]).
Afterwards, we use Proposition to prove a functional identity regarding (; in the shape of an
infinite product, i.e. Theorem [£.1.9]

A strengthening of this result (Theorem stated in the introduction) is proven at the end
of Section .3l

4.1.1 The approximations of (; and their divisors

For m € N, call jy, the least integer such that dimg, (I(< jm)) = h%(jmoo — I) = m + 1. We call
ay € I the nonzero element with least degree (i.e. ay € I(jo)) and sign 1.

Remark 4.1.2. Since deg(j,00—1I)+1—g < h?(j00—1) < deg(jmoo—1I)+1, we get the inequality:
m+d<jm<m+g+d.
Moreover, for m > 0, the rightmost inequality becomes an equality.

Definition 4.1.3. We set for all m > 0:

Crom = — Z a'®acAx.
acl(<jm)\{0}

Remark 4.1.4. The sequence (r, converges to ¢; in Ko®A = Af[u]].
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Proposition 4.1.5. The divisor of (rm s 2 4 4 2 L T4 W, — jmoo for some effective
divisor W, with h®(W,,) = 1. Moreover, for m >0, j, =m+g+d and W, = V.f,*,m-

The following result is similar to a well known lemma (see |Gos98|[Lemma 8.8.1]). We prove it in
this stronger form because of its use in Section [4.3]

Lemma 4.1.6. Call Sy, q(x1,...,2,) € Fylz1,...,2,] the sum of the d-th powers of all the homo-
geneous linear polynomials. Suppose that the coefficient of monomial x‘lil -zl in the expansion of
Sn.d(z1,...,2y) is nonzero: then, for all1 < j <n, >J_,d; > ¢ — 1. In particular, if d < ¢ — 1,
Sn.d = 0.

dn g

of the monomial az‘fl R

Proof. The coefficient cq, . 4

n

d! A
m Z a?l...ag = d'H Za?z s

“ai,...,an€Fq = a;€Fq

where by convention we set 0 = 1. On one hand, if the multinomial coefficient ﬁ is nonzero
in Fy, C(d) = C(d1) + ---+ C(dy), where we denote by C(m) the sum of the digits in base ¢ of the
nonnegative integer m; in particular, for 1 < j < n this implies C(dy +- - - +d;) = C(d1) +- - -+ C(d;).
On the other hand, Zaiqu a?i # 0 if and only if d; > 0 and ¢ — 1|d;; in particular, this implies
C(d;) > q—1 for all .

If cqy,...q, # 0, for 1 < j < n we have:

o (gd> zc > (- 1)

hence Zgzl d; > ¢/ — 1. Applying this to j = n we get the condition d > ¢" — 1, therefore Snda =0
for all d < ¢ — 1. O

Proof of Proposition[{.1.5 Since (j,, is sum of elements whose divisor contains I, it’s obvious that
Div+(CLm) > I. If we fix an Fy-basis {a;}i=o,...m of I(< jm), for any positive integer k we have:

-----

— k_
Cl,m(:(k)) = - Z a? 7t = —Sm+17qk_1(a0,...,am),
a€l(<jm)

which by Lemma |4.1.6|is zero When k < m. Since the only poles are at oo, and have multiplicity at
most jm, Div((rm) = =0 4. =(m) + I+ W,, — jmoo for some effective divisor W,,,. To study
RO (W), call Dy, := jy00 — I — Z" L 2@ for all nonnegative integers n.

Note that, since (j00 — I)(M) = j,,00 — I, for all n > 0:

H(Xgz=, Dnt1) C H* (X, Dn),
H(Xg—, Dny1) € H(X7— D<1>),

H(Xg—, Dy) N H (X V) = HO(X7— —, D).

Let’s prove that, for all n > 0, if h°(D,) > 1, then h%(D,+1) = h%(D,) — 1. By contradiction,
assume that the set S := {n € Z>o|h%(Dpt+1) = h%(Dy,) > 0} is not empty. Since for k > 0

RY(Dy) = 0, S admits a maximum element n; since Dnl) > Dpy1 and D;Ll) > Dfllll, we have
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HO(X—, DY))) + HO (X7, Doy1) € HO(Xz—, DYV); since hO(Dy11) = hO(D,) = hO(DYV) we get
the following identities:
H(Xp, DY) = HY(Xg, Dut) = HO (X, DY)
=H"(Xg—, D) = H (X, Di1) N HO (X, D7(11+)1) = H(Xg, Dn+2)
:>h0(Dn+2) - hO(Dn+1).

We deduce n + 1 € S, which contradicts the maximality hypothesis on n, therefore S = (). In
particular m ¢ S, and since h°(W,,) > 1 and W,,, ~ D,,, we have:

RO (W) = h%(D,,) = b (Do) — m = hY (oo — I) —m = 1.

On one hand, deg(W,,,) = deg(jmoo—ZM) —... 20" _ ) = 5, —m —d, which is < g by Remark
[41.2] On the other hand, by Lemma [3.3.10] and Proposition [3.3.16 we have:

0 ~ Div((rm) — Div(Crm)M =W — 2D Ly, — Wb,
0 ~ Div(redy(Crm)) ~ redi (Div(¢rm)) = I +redi, (Wi) — (jm — m)oo;

so (W, — W,%l)] = [20m+D) —=2M], and redk__ (J(Wy,)) = —J(I). Therefore, for m > 0, W, = Vi
by Proposition [3.3.25] O

4.1.2 The function (; as an infinite product

Proposition 4.1.7. There are rational functions f}—*, f} on Xg, with divisors Vi, — Vf(i) +E -

and Vj—(l) — Vi + E — oo, respectively. As elements of K((u)), we can assume f; , f; € 1+ uK[[u]].
Moreover, there is a rational function (5} on Xk, with divisor Vi + Vi, — 2goo, such that
50 _ g
oF 1z

Proof. From the definition of V , the divisor V7, — VI—(? + = — oo is principal, hence it is the divisor
of some rational function f} , on Xg_ . Moreover, by Lemma 3.3.16/ we have the following identity of
divisors on X: 7

Dlv(redu(f}7*>) = redKoo (Dlv(f}7*)) = redKoo (‘/j,*) - redKoo (‘/j,*)(l)’

which is the empty divisor because, since redg, (V7 ,) is Fg-rational, redx (V7 ,) = redg,, (‘/E*)(l).
We deduce that red,( f}—*) € Fy, hence, up to scalar multiplication, we can assume f}* =14+ O(u).
The existence ond properties of f}— can be proven in the same way.

Since V7 + Vi, — 2goc is principal, it is the divisor of some rational function 6} contained in

H(Xf,2g00) C Al[u]][u™!], and up to scalar multiplication we can assume S’I— = ¢o+O(u) for some
co € A. We get:

s\ (1) s R . / . / SII_(I) f}
Div(d7)" — Div(67) = Div(f7) — Div(f7,) = 5= Az
I I,

for some A € Ko; moreover, by considering the expansion in K((u)), A =1+ O(u), hence it admits
a (¢ — 1)-th root p € O . If we set 67 := ,u_lé’l— we obtain the desired equation. O
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Remark 4.1.8. The choices of f}, f; ,d% are not unique.

Recall that a;y € I is the nonzero element of least degree and sign 1.

Theorem 4.1.9 (Weak version of Thm. 4.3.28). The product (a; ' ®ay) 1>y f5 *(i) exists in Ok, QK
and is equal to (A ® 1)71¢; for some A € OIXQ)o' We can also write:

CI _ (al_l ® GI) H ((/\ ® 1)1—qf}*(1))(z) .
i>0 ’
Proof. Let’s identify Ok, ®K with K[[u]]. By Proposition ff, = 14 O(u), hence

}*(i) =1+ O(uqi) for all ¢ > 0, and the convergence of the infinite product is obvious. For all

m > 0:

redy (Cr,m) = redy | — Z al®a | =- Z red, (par) ' @ (uar) =1 ®ay.
a€1(<jm)\{0} peFs

In particular, by Proposition for m > 0 we have:
Div(1 ® ay) = Div(redy((r,m)) = redg. (Div(Crm)) = I + redg, (Vf,*,m) — (g4 d)oxo
since redg., : X9(K) — X(K) is a continuous map, and the sequence (VI 4.m)m converges to
Vi,in X 9)(K+) by Lemma the equality passes to the limit:
redg (V7)) = Div(l® ar) + (g9 + d)oo — I.
For m > 0 define the rational function

_a CIm
Q1= (51 / (1) f/ (m

and consider its divisor:
Div(am) =1+ V"™ v+ VY = 39+ d)oo = o € H(Xi,, (39 + d)oo).
By Lemma the sequence (Div(a,) + (3g 4+ d)o0),, converges to
I+ redge,. (Vp,) + Vi + VP = (Div(1 @ ar) + (g + d)oo) + (Div(d;") + 2g00)

in XBotd (K ). Moreover, since the sequence (auy, ), converges to 5’ )¢r (HZ>1 4 (Z)) in K((u)),
by Lemma [3.3.13[ the latter is an element of H*(Xf__, (39 + d)oo). By Proposmon we have:

s

Div _
I 7
s 7.7

= Div(lir%n Q) = liﬂIln Div(ay,) = Div(l ® ar) + DIV(5/(1))

In particular, there is some A € Ko (in retrospect in Ok, ) such that:

=0 @a) [ 1.7

i>1
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As elements of K((u)), (s(a; ® a;') = 1+ O(u), and f}*(i) =14 O(u) for all i« > 0, hence

A®1 = 1+uFy[[u]] € F4((v)). In particular, the infinite product HizO(A1*q®1)qi converges in Fg[[u]]
to A ® 1, so we deduce the following rearrangement:

(r = (a;1 ® a]) H (()\l—q ® 1)f}_7*(1)>(2) . 0

i>0

Definition 4.1.10. Define the functions f7, ff,*’ 07 respectively as the unique scalar multiples of the
functions f7.f7 07 such that sgn(f7) = sgn(f7,) = sgn(dy) = 1.
We call {f7}7ecicay the shtuka functions and {f;, }jccyay the adjoint shtuka functions.

s _
Remark 4.1.11. We have the equality é—f = fji L since both sides have the same divisor and the

I,%

same sign.

Example 4.1.12. Let’s provide some insight on the adjoint shtuka functions in the low genus cases.

If g =0, ie. A=F40], there is only one ideal class A, and the divisors Vi and Vj , have degree
0: in particular, Div(f,) = Z — oo = Div(f), hence f. = f =1® 6 — 0 ® 1, which is inVAKOO.

If g =1, ie. X is an elliptic curve, V; and V7, have degree 1, and since the divisor of o7
is Vi + Vi, — 200 ~ 0, Vj, is the inverse of V; with respect to the group operation on X(Ku).
Suppose that we can fix an isomorphism A 2 F,[x,y]/(y? — P(x)) with deg(P) = 3. If V; € X (Kw)
corresponds to the map (x,y) — (a,b) for some a,b € Ko, then V;, € X(K) corresponds to the
map (z,y) — (a, —b), and assuming sgn(z) = 1 we can write d; = 1 ®r—a®le Ak, hence:

1®z—-—a®1
fI’*_f11®x—aq®1'
Interestingly, this function does appear in the article [GP18] by Green and Papanikolas (specifically,
in Lemma 7.12; as the function 'T'"), but they don’t take notice of its symmetry with the shtuka
function.

Remark 4.1.13. The functions {fj, ff,*v(sf}feC’l(A) all have sign equal to 1, and the positive and
negative components of all their divisors are H-rational by Remark [3.3.26} so all these functions are
in Frac(Ag). From Remark [3.3.26| we also know that, for all I € Cl(A),0 € G(H/K) = CI(A):

Div(f¢) = Div(f7)” = (V") = Vf +E— 00 =V — V7, + =~ 00 = Div(f7),

and since both functions have sign equal to 1 we get f7 = f,. Similarly, f7 = fjc,y* and 67 = 7.

Corollary 4.1.14. There is 1 € Coo, unique up to a factor in Fj, such that:

(me )¢ty fr
(v @ 1)¢r e

Furthermore, since f7,,Cr € K((u), 7} € K.
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4.2 The module of special functions

Fix an ideal I < A. By the shtuka correspondence (see [Tha93|, [Gos98|[Section 6.2]), we can associate
a normalized Drinfeld module (Gg, ¢) of rank 1 to the shtuka function f7, with the property that, for
all a € A, the leading term of ¢, is sgn(a)79°¢(®). From now on, with slight abuse of notation, we
write ¢ for this Drinfeld module.

In this section, we use Theorem m (in its partial version) to describe somewhat explicitly the
module of special functions relative to ¢.

Set ¢ := (yr ® 1)(s, with 77 defined as in Corollary so that ¢V = e
Theorem 4.2.1 (Weak version of Theorem . The A-module Sfy(A) coincides with

Denote by € the module of Kéhler differentials of A. Together with Corollary [2.2.12] this theorem
implies the following.

Corollary 4.2.2. The ideal I is isomorphic as an A-module to Hom (€, Ay).

Remark 4.2.3. In retrospect, we can define f; as the shtuka function of the unique normalized
Drinfeld module of rank 1 whose lattice is isomorphic to I ® 4 2.

Before the proof of Theorem let’s state some preliminary results.

Remark 4.2.4. By Lemma [3.3.12) we know that Ko®A = A[[u]][u!]. A rational function on X _
is in Coo®A if and only if it’s contained in A[[u]][u~!], which by Proposition [3.3.19 happens if and
only if its poles all reduce to co.

Lemma 4.2.5. The subset of Coo®K fized by the Frobenius twist is F, @ K.

Proof. Fix an Fy-basis {b;}; of K: any element ¢ € Coo®K can be written in a unique way as a
possibly infinite sum Y, a; ® b;, with a; € Co for all 4. If ¢ = ¢, we need to have for all i the

equality a? = a;, hence a; € F, for all ¢. O
Proof of Theorem[4.2.1. First, let’s show that (F,@ K) Sf;(A) = (Fq®K) . Pick any w € Sf,(A);

since w) = frw, 55—1) = f{ff&j, and ¢ = #C(_l), we have:

(WCH))(U _ w07 ¢Y) gD

87 oW fiffier o o

hence = C ) ¢ F; ® K by Lemma |4.2.5, or equivalently (F; ® K)w = (F; ® K) ( Ls.
We can twist both sides of last equality and multiply them by ~v; ® 1: the thesis is now that

(1® )\) € Al[u]][u~1] if and only if A\ € I. By Proposition [3.3.25, for all integers m > 0 there is a
rational functlon 07 .m o0 Xk, with divisor V7, + V7, —2gco. By Proposition [3.3.27| the sequence

(ij + Vj*m)m converges to VI—(I) + VI—(? e X[9(K ), hence by Proposition [3.2.9 we can choose

each 67, so that the sequence (d7,,)m converges to 5(—1) in K((u)).
s
Suppose A € I, and consider the sequence ((1 ® )‘)C n) in K((u)), whose limit is (1 ® )\)—.

The divisor of the m-th element of the sequence (for m > 0) is

Vi — EW - £ 2M) — T4 (m +d — g)oo + Div(l ® \);
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since A € I, the only poles of the function reduce to oo, hence (1 ®)\)6f—’m € Al[u]][u1] by Proposition

Cl,m
3.3.19, and so does the limit.
(1)
Vice versa, suppose (1 ® )\)é—l € A[[u]][u~!]. Since the coefficients of (1 ® A~1)(;, as a series

(1)
in K((u)), are all contained in A\717, 55—1) = ((1 ® A)%) ((1®AX71)¢s) has all coefficients in A1,

so the same is true for d7. If by contradiction A\ & I, there is a nonzero prime ideal P < A which
divides the fractional ideal A~'I, hence all the coefficients of 07 are in AN A~1I C P, which by
Corollary means that P is a zero of §;. Since P, as a closed point of X, is Fy-rational and
Div(d7) = V7 + V;, — 2goo, this is a contradiction because, by Proposition neither V7 nor V7,
have F,-rational points in their support. O

To end this section, let’s include an analogous result to Theorem for special functions.

Theorem 4.2.6. There is some o € KX such that the following element of Coo®@K is well defined
(up to the choice of a (q — 1)-th root of a):

Y (a®1)qiln<a®1)(i)‘

i>0 i
Moreover, w € (Fq ® K)Sfs(A).
Proof. Fix an isomorphism K. = F,((u)). By Proposition we can choose some nonzero

o € Fy((u)) such that a~'f; = 1+ O(u), hence the product [];>g (%‘?)(i) converges in

Kow®K = K((u)), and w is well defined up to the choice of a7T. We have:

2 (ot () (o (221))

i>0 i>0

sow € (Fqg ® K)Sfy(A) by the same considerations expressed in the proof of Theorem O

Remark 4.2.7. It’s not difficult to observe that if 3,y € KX are such that the infinite products

w(B) = (B® 1)ﬁ Ti>o (ﬁ%l)(i) and w(y) := (y® 1)ﬁ [Ti>o (%)(i) are well defined, w(/3) is equal
to w(7y) up to a factor in Fy.

4.3 Relation between Pellarin zetas and period lattices

The aim of this section is to compute more explicitly the constant v; defined in Corollary
To do so, we first study more in depth (; and its coefficients as a series in K|[[u]]; afterwards, we
draw a correspondence between the adjoint shtuka function f7 , introduced in Definition and a
certain normalized Drinfeld module ¢ of rank 1. Let’s give the definition of the exponential function
associated to ¢.

Definition 4.3.1. Given a Drinfeld module ¢ : A — Cu[7], the exponential exp, € Cuo[[7]] is the
unique formal series such that:

e its leading term is 1;
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o foralla€ A, ¢,expy = expya.

Recall that by Proposition @ exp,, converges everywhere as a function from C to itself, and
its kernel Ay, called period lattice, is a projective A-module of the same rank as ¢.

Proposition (Prop. [4.3.23|). The period lattice of ¢ is 7;1] C Cxo-

Finally, we state Theorem [4.3.32| (a strengthening of Theorem which properly generalizes
[GP18|[Thm. 7.1]) and Theorem [4.3.28| (a strengthening of Theorem [4.1.9)).

4.3.1 Evaluations of the Pellarin zetas

The aim of this subsection, expressed in the following proposition, is to show that there is a well
behaved notion of evaluation for the Pellarin zeta (; at any point P € X (Cx) \ {oo}. In other words,
we prove that (7 is an entire function over X (C) \ {o0}, as proven by Chung, Ngo Dac, and Pellarin
in the case I = A (|CNP23|[Lemma 1.1]).

From now on, for any series s € K[[u"]][u™!] for some n, we denote by s(;) the coefficient of u’,

and by v(s) the least element in = Z such that S(u(s)) # 0. By v we also denote the valuation on Coo
with the property v(u) = 1. Finally, recall that d is defined as the degree of the ideal I.

Proposition 4.3.2. For any point P € X(Cy) different from oo, which corresponds to a morphism
of Fg-algebras xp : A — C, the sequence (Crm(P))m and the series 3,5 xp (((1)(i)) u? converge to
the same element of Co.

To prove the proposition, we first need some results on the coefficients ((C I)(i))z"

Lemma 4.3.3. For all integers i > 0, we have deg((Cr.m)@)) < log,(i+1) +g+d+1 form > 0.

Proof. Recall the definition of j,,, and that m +d + 1 < j, < m + g + d, from Remark
The coefficients of (7 have degree jo < g + d, so the lemma holds for m = 0. Since v({r.m) = Jo
for all m > 0, the coefficient ({ I,m)(O)» is nonzero if and only if I = A; in that case, it’s equal to
Zaqux a~'®a = —1, and its valuation is 0, so the lemma also holds for i = 0. Let’s prove the lemma
fori>1, m>1.

We claim that it suffices to prove the following inequality, for all m > 1:

vl = > a'®a | =v(Cm— Cme1) ="
a€l(jm)

If the inequality is true for m > 1, fix i > 0, and set n := [log,(7)] + 1, so that "' <i < ¢"; then,
for m > n:

deg((Cr.m) () = deg (Z Cre — Cl,k—1> = deg (Z Cre — Cl,k—1) < Jn,
(%) ()

k=0 k=0

which is at most n + g +d = [log,(i)] +g+d+1 <log,(i +1)+g+d+1.
The argument that follows is similar to that of [CNP23|[Thm. 2.4]. Recall that by Proposition

for all m > 0:
Div(Crm) =EW 4+ EM 4 T+ W, — jmoo
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for some effective divisor W,, with hO(Wm) = 1. On one hand, for m > 1, (7 m — (rm—1 has only
one pole, of degree at most j,,, at oo, and has I and =® ... g5m-D) among its zeroes; moreover,
Crm(Z) = Crm—1(E) =1 —1=0. On the other hand, since

1=h"(Wp) =h'0moo =T —Z — - — 2™ D) = B0 00 — T —2W) — ... —gm)y,

the remaining set of zeroes coincides with the divisor W,(n_l), hence (1 m — Crm-1 = (A ® 1)C§’_ni) for
1

some A € Koo. Since (¢f,7) (E0D) = (¢rm(E))7 = 1, we get A= (Crm — Crm—1)(ECY).
If we fix b € I(j,,) with sgn(b) = 1, we get the following:

(Ctm = Cm-DE)) == 3 ati=— Y ali= Y (b+o)i

aEI(jm) ae[(jm) Ce[(<jm)
sgn(a)=1

ey Z<1;q)zz:bl—qzb—i<1;q> 3

cel(<jm) >0 i>0 c€l(<jm)

-----

Z ci:S’mJ(al,...,am):O Vi< g™ —1.
CEI(<jm)

As elements of Ok, = Fy[u]] € K[[u]], v (§) > 1 for all ¢ € I(< jim), and v(b™1) = jim, so we get:

¢-0 ((Cm — D) ET)) = (1= o) +o | <1zq) > ()

i>gm—1 c€l(<jm)
c
>(1—q)v(b i v () p > dm(@—1)+¢" — 1.
>(1 = g)o( )+c€§r(1g]1,m){z v<b)} > jm(a—=1) +4¢
i>qm—1

Since C}_ﬂi) € K[[ué]], we deduce that, for m > 1:
=(—= - : —1 m— m—
v (Crm — Cim—1) = v (((Cl,m —rm-1)ECT) 1) C](mi)) > ]qu +qm ! - p >qm
O

Remark 4.3.4. The previous proof makes use of the fact that I(m) is an Fg-vector space of dimension
1 for m > 0, which is not true if we do not assume oo to be Fg-rational.

Lemma 4.3.5. Fiz a point P € X(Cx) \ {o0}, corresponding to a map xp : A — Coo. There is a
nonnegative real constant kp such that v(xp(a)) > —kp deg(a) for all a € A.

Proof. Since A is a finitely generated F,-algebra, we can pick elements a1, ..., a, € A such that their
finite products generate A as an Fg-vector space. Without loss of generality, deg(a;) > 0 for all ¢ and
we can define the following nonnegative real number:

kp := max {0, max {—v(xp(az))}} ,

1<i<n U deg(a;)
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so that v(xp(a;)) > —kpdeg(a;) for all 7. Given a nonzero a € A, we prove by induction on deg(a)
that v(xp(a)) > —kp deg(a).

If deg(a) = 0, i.e. a € Fy, the claim is trivially true. If deg(a) > 0 there is a product @’ := A []; a{’,
with X € Fg, of the same degree and sign, hence deg(a — a’) < deg(a). We have:

U(Xp(a - a')) > —kpdeg(a — a’) > —kp deg(a) by inductive hypothesis, since kp > 0;
Zez v(xp(a;)) > kpZel deg(a;) = —kpdeg(a’) = —kp deg(a).

Hence, v(xp(a)) > min{v(xp(d')),v(xp(a —a'))} > —kp deg(a). O
From the previous lemmas we can deduce the following.

Lemma 4.3.6. For all k >0, for alli € LN, deg((CI ) () <log,(i+1)+k+g+d+1. Forall
points P € X(Cx) \ {00}, corresponding to maps xXp : A — Coso, for all k > 0, the following series

CONVETYGES:
Z XP ( z))

>0

Proof. The first part of the statement for & = 0 follows from the inequality of Lemma using
the fact that for all i the sequence (((r,m)(i))m is eventually equal to ((r)(;). For k> 0 and i € qikN,
we get:

deg ((¢7™))) = deg ((Cr)pigry ) < logy(ig" + 1) + g+ d+1 <log,(i + 1)+ k+g+d+1.

Let’s define kp as in Lemma [£.3.5] Then, for all ¢ > 0 we have:
v(xp (¢ u') = —kpdeg (((C)@)) +i 20— kplogy(i+1) — kp(k+ g +d + 1),

which tends to infinity for ¢ — oo, proving the convergence of > ;- xp ((é_k))(i)) ul. O
Finally we can prove Proposition [£.3.2]

Proof of Proposition . Define kp as in Lemma [4 For m > 0, by Lemma [4.3.3] we have:

v(Cr = Crm) = v ( > w1 — CI,m') Z min v (Crmr1 — Crme) = ¢

'>m

For all i > ¢, by Lemma [£.3.6] we have:

deg ((C1 = Cr.m)3)) < max {deg ((C1)@)) - deg ((Crm)@)) }
<max{log,(i+1)+g+d+1,jm} =log,(i+1)+g+d+1,

since j;, <m+g+d+1and m <log,(i +1). In particular:

' (Z X ({6 = Comdey ) ( > xe (6 = Grm)) u)

i>q™m

> min {i — kp - deg ((¢; — Cm) )}

i>qm

> g%n {i —kp(log,(i+1)+g+d+1)},
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which tends to infinity for m — co. By Proposition [3.3.17, (r.m(P) = >"; xp ((Q’m)(i)) u', hence we
get that

lim Crm(P) = > xp ((Cr)gpy) v = lim (Z xp ((Cm — Q) ul> =0. O

>0
Definition 4.3.7. We define the evaluation of (; at P as (7(P) := Y_;(¢1) ) (P)u’

Corollary 4.3.8. For all i > 1, we have (;(E®) = 0. Similarly, for all k > 0, for all i > 1,
> Xzt (¢ (=F ))( yu?! =0 (where j varies in 1 =N ).

Proof. For the first identity we use that, for all 7+ > 1, C17m(E(i)) = 0 for m > 0. For the second
identity, note that

q

Z vz w (G | = X () =0. O

4.3.2 Adjoint Drinfeld modules and adjoint shtuka functions

From now on, in this section we use the following notation: Vi := V7, fi = f7,, (= (v ® 1)¢r,
with ~; defined as in Corollary 4.1.14] so that ¢(=1) = f.¢.

Remark 4.3.9. There is an anti-isomorphism between the noncommutative Fy-algebras Coo[[7]] and
Cool[77Y]], sending h = 3, ;7" € Coo[7]] to h* := 3, 7 ?h;.

Definition 4.3.10. Let ¢ : A — Cy[7] be a Drinfeld module. The adjoint Drinfeld module
¢* : A — Coo[r71] is the Fj-algebra homomorphism sending a € A to ¢.

Proposition [4.3.11|shows a connection between adjoint Drinfeld modules, adjoint shtuka functions,
and zeta functions, which is meant to mirror the correspondence between Drinfeld modules, shtuka
functions, and special functions (cf. [Tha93|[Eq.(s*)], [And94][Eq.(46)]).

Afterwards, we present some basic definitions and results concerning the coefficients of exponential
and logarithmic functions (see for example [Gos98]) to prove the interesting Proposition On
the surface the proposition resembles a log-algebraicity result, and could be linked to this rich branch
of research (see for example [And94], [And96], [ANT17b]); on the other hand, it encourages a greater
focus on the adjoint exponential function, whose kernel was already studied in works such as [Poon96],
and is partly carried out in the following chapter

Proposition 4.3.11. Set s, := m01 X for all nonnegative integers m. The set {Sm}m>0 s a
basis of the Coo ® Fy-vector space HO(Xc,, \ {00}, Vi 1))
For all a € A, 1 ® a can be expressed as Zdeg (a; ® 1)s; with a?i € Ky, and the function
¢* : A — Coo[r71] sending a to 3", a;7~" is the adjoint of a normalized Drinfeld module ¢ of rank 1.
Finally, for alla € A, (¢ ®1)(() = (1 ®a)(.
Proof. Since H°(Xc_, \ {00}, V;(l)) = Upso H(Xc.., v 4+ moo), for the first part we just need to
prove that, for all m > 0, s, € H*(Xc_, \ {oo}, V*(l)) and it has a pole of multiplicity exactly m at
00; using that Div(ffi)) = V*(fi) — V*(k” + =) 00, we get:

m—1 ) m—1
Djv(sm) = Div ( H f*gl)) — V:k(lfm) . V:k(l) + Z =(-
i=0 =0
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If we fix a € A of degree m, 1 ® a € HO(XCOO,V;(I) + moo), hence it can be expressed as a sum
Yoitola; ®1)s;. Moreover, if we twist k times and evaluate at = for all 0 < k < m we get the following
triangular system of equations in the variables (a;);:

From this system we can deduce that ag = a and, since fij )(E) € Ky for all j > 0, that azk € Koo
for all k. Finally, since deg(a) = deg(s,), and sgn(ff)) =sgn(f,) =1 for all i > 0, the sign of s is
also 1 for all m, i, and we have:

sgn(a) = sgn (Zm?’” ® 1>s£-’”>) — sgn((a% © 1)sM) = afl" sgn(s{M) = al’,
=0

SO Gy = sgn(a). For all a € A, write ¢ := >, a;77%. Since for all K > 0 and for all a € A we have
1

(=)

aF ®1)s, ", we get the following equations for all £ > 0

(sp=C¢"Mand 1®@a=(1®a)H =¥,(af
and a,b € A:

(1@a)(™ = Z(aflk @ 1)(s:) 7 = Z(af @ )¢ =77 o (¢ @ 1)(0);
(6 ® D(C) = (1® a) (1@ )¢) = (1©a) (9] @ 1)(Q)
= (g 1) (1®a)) = (6 ©1) ((¢5 @ D) = (6567 ©1)(©);

Since the elements (¢(79);>0 = (C54)i>0 are all Cop ® Fg-linearly independent, we have the equality
bup, = 5 © #5. Together with the fact that deg(¢;) = deg(a) and ageg(q) = sgn(a), this means that
the function ¢ := (¢*)* : A — K [7] is a normalized Drinfeld module of rank 1. O

Definition 4.3.12. Let ¢*, f, be as in the previous proposition. Then f, is said to be the adjoint
shtuka function associated to ¢.

From this point onwards, ¢ and ¢* are defined as in Proposition [4.3.11

Definition 4.3.13. We choose a nonzero element of least norm 74 € Ay, and we call it the funda-
mental period of Ay,. We denote by A = ﬁ;1A¢.

Remark 4.3.14. Our choice of 7y is determined up to a factor in Fg.

Since rk(Ay) = 1, all elements of A, are of the form ¢y for some ¢ € K in particular, A C K is
a fractional ideal.

More precisely, A C K is the unique fractional ideal isomorphic to A4 such that its nonzero
elements of least norm are the constant functions F.

Let’s denote by expy =3, e;7" € Coo[[7]] the exponential function associated to ¢. We define its
adjoint as expy =3, 7 'e; € Caol[7 1.
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Remark 4.3.15. Since exp, o(at®) = ¢q oexp, for all a € A, we easily deduce the following identities
in Coo[[r71]] for all a € A:

a expg, = eXpPy, 0P,
Remark 4.3.16. If we write ¢, = >, a;7/ € H[7] for some a € A\ F, (with ag = a), the equation
exp,, o(at?) = ¢ 0 exp,, becomes:

k-1

j k—1i

> (epa? )rH = > ( > ajegj> F = en(ad” —a) = > " agiel .
=0

k k  \itj=k
Since eg = 1, we get that e € H for all £ > 0 by induction.

Definition 4.3.17. For any projective A-submodule L C C, of finite rank, we define, for all k£ > 1:

Se(L):= > (e )Th B(L):= > A7
A1, AR ELN{0} AeL\{0}
i# =N AN

We also set So(L) := 1 and Py(L) := —1.

Remark 4.3.18. The infinite product expy (z) := z [[ er)\ foy (1 — %) converges in Cuo[[z]] (see e.g.
[Gos98]|[Section 4.2]), by absolute convergence we can expand the product and rearrange the terms of
the series, so we get exp,(z) = Y59 S;(L)x'*!; in particular, if i 4+ 1 is not a power of ¢, S;(L) = 0.

Remark 4.3.19. Note that in the summation that defines S;i_;(74A) there is a unique summand
of greatest norm, given by the inverse of the product of the ¢* — 1 nonzero elements of lower norm
of yA. Since the elements of F* are the nonzero elements of lowest degree of A, this product has
valuation at least:

i—1 i—1
S (@ = )G + (7)) =iq’ — (Z q]) +q'v(fg) 2 (i — 1+ v(7g))q".

J=0 Jj=0

—i
In particular, since lim; v (eg

) = lim; %v (Sqi_l(ﬁ'¢A)) = 00, expy : Coo — Cu is an entire
function with an infinite radius of convergence, which is well known, and exp}, : Cooc — Coo, while not
being a power series, is continuous, converges everywhere, and sends 0 to 0 (see also [Poon96][Prop.
1]); moreover, lim,_,o expz(z)z_l =1

Remark 4.3.20. Since exp, and expz are continuous F4-linear endomorphisms of C,, they can be
extended uniquely to continuous F, @ K-linear endomorphisms of Coo& K.

The following is a well known lemma (see [Gek88][Eqq. 2.8,2.9]).

Lemma 4.3.21. For any projective A-submodule L C C,, the inverse of expy, denoted by log;, is
S Py (L)

Proof. For all i > 1, —iS;(L) = ;‘-;%(—l)i*ij(L)Pi_j(L) by Newton’s identities. Setting i = ¢* — 1
with k > 1, since S;(L) = 0 if j + 1 is not a power of ¢, we get:

k—1 k—1 )
Sge 1 (L) =Sy 1(L)Ppe_ys (L) = > qu,l(L)(qu_j_l(L))qJ.
=0 =0
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In particular:

k .
expr, o <—ZP1'1(L)Ti> => (‘ Zqu1(L)(qu—j1(L))qj> 7"

i>0 k>0 §=0

— —So(L)Ry(L) = 1.
The uniqueness of right inverses proves the thesis. ]

Proposition 4.3.22. The following functional identity holds in Coo®K :
expg(¢) = 0.

Proof. By Remark(4.3.15} for all a € A we have expj, o¢;, = (a®1) expy, as endomorphisms of Coo®K;
by Proposition ?0:(¢) = (1 ®a)C . Hence, for all a € A:

0 = expy(0) = expg(d,(¢) — (1®a)() = (a®1 -1 ® a)expy(().

Fora ¢ Fy, a®1—1®a is invertible in Coo® K, with inverse 220 a” " l®a’, so we get the thesis. [

4.3.3 The fundamental period 7,

Finally, in this subsection we are able to link the zeta function (; and the fundamental period 7.
Fix an element ay € I\ {0} of least degree.

Proposition 4.3.23. The A-modules aI_II and A coincide as submodules of Co

Proof. Since the nonzero elements of least degree of both al_lf and A are F, it suffices to show that
I and A are isomorphic. Let’s first give an intuitive rundown of the proof

For all n > 0, for all k > 0, if n < k then ¢(-R)(2(-7)) = (¢(2*- n>)) = 0 by Corollary [4.3.8
while if n > k then:

Lo X -k
ael\{0}
1
a l_qn—k q™ %
==\ Z (*) — (WP (V) I)) .
acrfoy 1

Since expy(¢) = 0 by Proposition 4.3.22} evaluating expj;(g“) at 2" we should get:

0= expi(Q)EC™) = 3 81 (Ag) #F (R ()
k>0
k) i
—ZSk1A¢> } (2
k>0

L
”l

1
Z—ZSk 1 Ad’ " (’)/[Pn k_ 1(’}/1 I))

1
qT

—<’YI Z Pqnk—1(71_11)5qk—1(A¢)an> ,

0<k<n
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which by Lemma implies that logv_l roexp, = 1. In particular, exp, = eXp,~1p, therefore
I I

their zero loci are the same, which means that 'yI_II =Ny = THA.
The previous reasoning is not rigorous only when it assumes that evaluation at 2(-) commutes
with the expansion of epo(C ), therefore to prove the theorem it suffices to show the following identity:

n

S (S (hg)n) T () = 0.
k=0

?r"“

For all k € N, set c; := (S 1(7r¢A)71) ; by Remark 4.3.16/ and Corollary [4.1.14} ¢ € Fy((ud
For all £ < m we can write the following:

CL = Z )\]m-ui € E ((uq%)) with Ay ; € Fiq
z‘e%mz
(-F) _ glka (g}*’@)(i) u e K ((ﬁn)) with (¢79) e K.
q

]fo Ll(lelzma and Remark |4.3.19| respectively, we have the following inequalities for all ¢ € qikN,
or all £ € N:

))-

deg ((C§_k))(-)) <log,(i+1)+k+g+d+1,
v(cr) 2 k =1+ () + min({v(r),0}) =
Fix a positive integer n. Since exp;(c ) = 0, for any arbitrarily large N we can choose a positive
integer m > n such that v (ZZ‘:O Ckc}"“)) > N.
Let’s rearrange Y ;* ckak), with the indexes i and j varying in imZ:

Z Z )‘kJCI Bl = Z Z Akj Z( )

k=0 j >k’ k=0 j>k’ >0

Sy (S 3 i_j))
>0 \k=0 j=FK’
Since v (Z’,;”:O cké*k)) > N, we get that, for i € qimZ and i < N:

S5 a6, =0

k=0 j=Kk'

Using this result and Lemma the evaluation Y ckd_k)(E(_")) can be rearranged as follows:

ZZ)"CJCI D(E = ZZM,JZ(CI )Z EC)ut
k=0j>k' 07>k >0
S (S, ) e
i>0 \k=0 j—k' Y

(Z S s (9) ”-)> I

k=0 j=k'
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For i — j,k > 0, since j > k' > v(7) + min({v(77),0}) — 1, and since log,(z) < z for all z > 0,
deg ((C} k))(i_j)) is bounded from above by:

log,(i—j+1)+k+g+d+1<i+k+g+d+3—o(F)—min({v(y),0}) =i+ C,
so each summand has valuation at least 7 — ’L;—TC >N — N;;C, which tends to infinity as N tends to

infinity. Since m = m(N) depends on N and tends to infinity as N does, we have:

m(N)

m n
1 (=k) (=(— S (=k) j=(=n)y _ (=k) /=(=n)
0= lim > et ECT —n}gnochkcf M) = el TV (ETY),
k=0 k=0 k=0
where we used that C](_k)(E(*”)) = 0 for k > n by Corollary This concludes the proof. O

Proposition 4.3.24. The following identity holds in Coo®K :

(s @ 1)) "
(arfy ' @ 1)¢r

:f*a

Proof. From the definition of v; we have ﬁ =(® l)q_lfil). Since A = a;ll and 7A = 7;11, we

deduce y7 = % up to a factor in F- O
We deduce the following well-known result (see e.g. |[Gos98|[Section 7.10]).

Corollary 4.3.25. The element ﬁg_l s contained in Ky

It’s possible to use the expansion of the series ( 7 € Coo [[z]] to prove that the Goss zeta value

>aca @ ° € Co belongs to 7 - H for all positive s multlples of ¢ — 1 (see [Gos98|[Thm. 8.18.3]). As
a corollary of Proposition we can recover this well-known theorem in an alternative way for
the partial zeta (; when s = qk — 1 for some positive integer k.

Corollary 4.3.26. For all positive integers k there is some o € H* such that:

lqu_~qk—1
>, @t =% a

acl\{0}

Proof. First, note that the left hand side is equal to C§k)(E) (and in particular is nonzero). Let’s
prove by induction on k that C}k)(E) € ﬁgf - H for all k > 0.

For k = 0 the result is trivial, since (;(Z) = —1.

Let’s now suppose the result holds for some k > 0. Let’s twist by k+ 1 the identity in Proposition
4.5.24

((CLIﬁ';l & I)CI)(k) _ f(k+1)'
((aﬁT;l ® 1)C1)(k+1)

since numerator and denominator on the left hand side, if evaluated at =, are nonzero, the same holds

(k+1)

for , and since the latter is a rational function on Xy, we obtain:

. o 1 (k)
(G[7T¢1)q Saen oy @' _ ((aﬂ% ®1)<I) () = =) e gx,

(@ )" Laeno @™ ((army @ 1)6r) "
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hence by inductive hypothesis we have:
< 1\gR L (k1) =
(ar7y )1 (=) e BX O
Equivalently to Proposition [4.3.24] we can say that (aﬁr(;l ® 1)(; € Co®A is an eigenvector for
the dual Drinfeld module ¢*, in the following sense.

Theorem 4.3.27. The following identity holds in Coc®A for all a € A:
os (s @ 1)¢) = 1@ a)(ary' @ 1)¢.

Proof. By Proposition 4.3.11}, for all a € A, (1® a)¢ = ¢%(¢), where ¢ = (v ® 1){; = (a;7 1 @ 1){;
up to a factor in F. O

The interpretation of (aﬁr;l ® 1)¢; as an eigenvector for ¢* is the starting point of the next
chapters.
We can finally state and prove a strengthening of Theorem and Theorem

Theorem 4.3.28. The following product expansion converges in Koo®K and is equal to (r:
_ _1— (4)
(' @an) [T (7, @) AY)".
i>0
Proof. Using the Theorem we deduce the following identity in Ok ®K:
_ _ (%)
= ea) [[ (M7, M),
i>0

where f}* is a scalar multiple of f7,, and A € Ok is some constant. We deduce:

C%) — (@ e NI 1), O,
I

On the other hand, by Proposition [£.3.24] we know that
q—1
o (e
§; To
hence (A9 ® 1)f}7*(1) = (ﬁéfq 2 1)f" and we get the desired identity. O
Recall Definition [4.3.13 and Remark [4.3.14f A C K is a fractional ideal and, if (d;);>0 is the
increasing sequence of degrees assumed by the elements of A\ {0}, we have dy = 0. Since A C K is

a fractional ideal and oo € X (Fy), for m > 0 djtm = dy, + @ for all i > 0 by Riemann-Roch; we take
n to be the least integer with this property.

Theorem 4.3.29. Let ¢ be a normalized Drinfeld module of rank 1, and denote by fgs the corre-
sponding shtuka function. Fiz a uniformizer u € Ko, and set:

o= u(kdn)]‘[”—lq(dn—l—di)(qH—qi)

=1

The following is a well defined element of (Fq ® K)Sfs(A) C Cou®K :

wi= (Tepa®1) H (W>(i) .

i>0 Jo



4.3. RELATION BETWEEN PELLARIN ZETAS AND PERIOD LATTICES 63

Proof. Following the proof of Theorem we just need to show that (ﬁ'¢a)q_1 and fs have the
same degree as elements of K((u)) & K,,®K. By Remark 2 the universal Anderson eigenvector
wg can be written as ), exp,(a;) ® a;, where {a;}ien is a ba51s of Hom 4 (Ay, ) and {a; }ien is the

dual basis of &£ A¢V Ay Since Ay has rank 1, we can fix an isomorphism of Hom 4 (A4, 2) with an

ideal of I C A, and we can assume without loss of generality that the image of the sequence (a;); is
strictly increasing in degree: by Proposition the sequence (a); is strictly decreasing in norm.
Following the proof of Theorem the sequence (|| exp,(a;)|); is also strictly decreasing, and, if
we call ¢ € Kooy = 7Koo the element of least norm lifting afj, we know that its norm is ||7,|/g% 1,
and that:

n—1
dn—1 H q(drkdi)(qtqi—l)
i=1

lexpy(ag)ll = lleoll T
AeA\{0}
deg(A)<dn

= [I7sllq = [I7s[ller]l

Since fpwey = w((;), we deduce that fs has the same degree in u as (7,a)?" !, as elements of K ((u)). [

4.3.4 A strengthening of the main theorem

Using the results of the previous subsection, and Remark we can prove Theorem It is
a strengthening of Theorem [£.2.1] with an explicit proportionality constant and with a more natural
dependence on the period lattice.

First, we prove the following results.

Lemma 4.3.30. Fiz a nonzero ideal J < A, with degree dj. Then, for each ideal class I € CI(A),
there is a rational function h;; on Xy with sign 1 and divisor:

Div(hy ) = VD + Vi —J =8 = (29— dy - 1)oo
Moreover, the functions {h;i}ccqay are all conjugated by the action of Gal(H/K).

Proof Fix some nonzero ideal I < A with ideal class I, and call d; its degree. Define

= J+E+ (29 —dyj — 1)oo and consider the divisor D — Vf( ): we want to prove that it is
hnearly equivalent to V7, 7. First of all, its degree is g, hence it is hnearly equivalent to some effective
divisor W. Moreover, we have the following linear equivalences:

redg. (W) ~redg_ (D) — redKoo(V J~(J+H1)+(g—dy—dr)oo ~ redKoo(VjJrj);

w—w® ~(D-DW) - (v, - VI—(QW ~(E-ED) = (0 -5 ~E-o0

oy
~ Vi = Vir

By Proposition [3.3.25 |, the two conditions imply that W = V75, ;.

By Remark [3.3.26] the positive and negative components of the divisors {V Dy Viei— D}IeCl(A
are H-rational. Moreover, by the same reasoning as Remarks[3.3.26|and [4.1.13] they are all conjugated
by the action of Gal(H/K), therefore for all I € CI(A) there is a unique rational function h JronXpg

with divisor Vj(? + V7,7 — D and sign 1, and they are all conjugated by Gal(H/K) up to a scalar
factor. We just need to prove that for all o € Gal(H/K), sgn(h? ;) = 1. Fix some a € J of positive
degree and sign 1, and define s := (1®a)(l —a™' ® a)h; 4+ it suffices to prove that sgn(s”) =1 for
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all 0 € Gal(H/K). Since s has poles only at oo, it can be written as a finite sum Z?:o hi®a; € Ay
for some nonnegative integer d, where the a;’s have sign 1 and strictly increasing degree, and hq # 0.
Since sgn(s) = 1, we deduce hq = 1, hence for all 0 € Gal(H/K) sgn(s”) = h7 = 1. O

Proposition 4.3.31. For any pair of ideals I,J < A, with degrees respectively d;y and dj, the
quotient %I, s a rational function on X, with divisor Vl—(i) — V}l*) +1I—J+(dy—dr)oo. Moreover,

red, (sgn (g’)) =1.

Proof. Recall that for all integers m > 0 there is a rational function d7,, on Xk, with divisor

Vim+ VJam —2g00. Since the sequence (V3. + Vi «m)m converges to V}l) + VJEI*) in X29(K.), by

Proposition 3.2.9( we can choose each 5, so that the sequence (d5,,)m converges to 59) in K((u)).
In K((u)), %59) is the limit of the sequence (g—’m(sjm) , and the divisor of the m-th element of the
s ? m

sequence is:

Vf,*,m — Vj,*,m +1—-J+ (d] — d[)OO + DiV((;j,m) = va,*,m + Vj,m +1I—-J- (29 +dy — dJ)OO

By Proposition |3.2.9 %5}1) is rational, with divisor:

(W (V7 s+ Vg 1+ dyo0) ) = T = (29 +di)oo = VIV 4 VI 41— J — (29 + dj — dy)oo

In particular, % is rational, with divisor:

Vv 41— g — (29 +di — dy)oo = Div(8) = VIV — VI 4 T~ J 4 (dy — dp)oo

Since the positive and negative components of this divisor are H-rational and %(E) = g ((:)) 1, éf]
is a rational function on Xp. Let’s fix an Fy-linear basis (a;); of A with increasing degree; if we have
a sequence (hy, = Zf:o Cm,i @ a;)m converging to h = Zf:o ¢ ®a; in Ac_, and if the degree of hy,

at oo is eventually equal to the degree of h at oo (i.e. ¢ # 0), we have:
lirlrzln sgn(hy,) = 117%11 cm i sg0(ag) = cisgn(ay) = sgn(h).

In particular, we deduce that lim,, sgn(dz,,) = sgn(d7)? = 1. If we fix any nonzero element ¢ € J, of

degree d., the rational functions (g”” 07m(1® c)) have only a pole at oo, of degree 2g+d;+(d.—d ),
»m ’ m

hence they belong to Ac__, and the same holds for their limit %59) (1®c): we deduce that sgn (C—I) =

Gy
lim,,, sgn (gj—m) Fix an Fg-basis (a;); of I, with strictly increasing degrees and sign 1. We have:

)= Y s = Y (a0 = e Y Y

i

a
a€l(jm) a€l(<jm) i>0 a€l(<jm) ™t
el €m
ai am
m“z Z A(el""’em)<a ) .”(a ) ’
i>0e1++em=i m+1 m+1

where A(e1,...,en) € Fy is a certain coefficient. By Lemma if AMep,...,em) # 0, we must
have e; > ¢ — ¢! for j = 1,...,m. In particular, since the norms of the elements (a:iﬁ)] are
strictly increasing and less than 1, the unique summand of maximum norm corresponds to the m-
uple (e;); = (¢ — ¢'=1);. Since A\((¢ —1);) = (q71,..?,7;;iqm—1) =1, we get that the first term in the
expansion of sgn (s ) in Fy[[u]] is —u™ for some integer M. Since the same argument holds for (;n,

we obtain that sgn (gf) = u¥ + o(u!V) for some integer N. O
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Theorem 4.3.32. Let ¢ be a normalized Drinfeld module of rank 1 with period lattice 7tyl, where
71 € CX and I < A is a nonzero ideal. Fix an ideal J < A of degree dj such that JQ = A, and
denote by h the unique rational function on Xy with sgn(h) =1 and Div(h) = Vl—(i) +Vij—J—E—
(2g — dj — 1)oo. The following A-submodules of Coo®A coincide: 7

St ,(4) = FLE LR i Lh

Proof. Let’s denote by f the shtuka function associated to ¢ and f, the adjoint shtuka function
associated to to ¢* (recall Definition[4.3.12). By Remark[4.3.14}if we fix a; € I of least degree, we have

(7 tene) ™
Grrena I
On the other hand, by Remark and Proposition respectively, we have the identities

Div(f) = V{; ~ Vi, 7+ E — o and Div(f.) = V7, — ;!

[ nW @ 4y
DIV <h> V + VI+J

(F, ® L)).

the equality a;7r = 7 up to a factor in F, hence by Proposition 4.3.24| we have

+ Z — oo, hence:

=1 _ V(l) Vj_f_j—i-u Div(f{l)>;

*

h;L and f( both have sign 1, they coincide. In particular, we have that:

*

since the rational functions

((minh)(” ((frzil)h)_l — h:)fi” =/,

hence (f”%l)h € (F; ® K)Sfs(A). By Theorem |4.2.1} the A-module Sf;(A) C Coo®A coincides with

(Fo®1J )M, where A € Cy is some nonzero constant. To conclude the proof we just need

-1
to show that the product ( O] ) (i) is a constant, i.e. it is a rational function with trivial
fI+J «Crg ) \¢Cr

divisor. By Proposition %" is a rational function, and we get the following:

Orrj  Cr Cr
Div [ — >} — Div(6; Div +D1v( > Div(h
(f]_;'_J’*CIJ h) ( I+J) (fI+J *) CIJ ( )
1 —
=V g+ Vi g, — 2900) + (<Vig g, + VL, — B+ 00)+
V) = Vil =T 4 dsoe) + (Vi) = Vi + T + B+ (29— dy = 1)o0) = 0. .

In the notation of the previous theorem and of Lemma we give the next definition.

Definition 4.3.33. Fix an element a; € I of least degree. We define the pseudocanonical special
function as follows:

(mp @ V)h, 7 .
We,J 1= %(al1 ®ar) € Coo®K.

Remark 4.3.34. Since 7, = 7ya; up to a factor in Fy, by Theorem {4.3.32] wy ; belongs to
Sfy(A)(Fg ® K), and is well defined up to a factor in Fy. While wg ; depends on the choice of
the ideal J, it does not depend on the choice of I but only on its class.
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4.4 An identity involving special functions and zeta functions a la

Anderson
Fix a normalized Drinfeld module of rank 1 ¢ : A — H[r] with period lattice 77/, where I < A is a
nonzero ideal — so that its Drinfeld divisor is V;_g by Remark where 2 € CI(A) denotes the
isomorphism class of €2 — and call f = f;_g its shtuka function. Following a construction of Hayes

(see [Hay79]), we can define ¢; for any nonzero ideal J = (a,b) < A as the unique monic generator
¢ of the left ideal (¢4, Pp) < HJ[T].

Definition 4.4.1. Fix a nonzero w € Sf;(A), and for all nonzero ideals J < A define:

)
J) = )
Xs(J) "
Remark 4.4.2. The previous definition does not depend on the choice of w.
In his paper [And94], Anderson proved a famous log-algebraicity result.

Theorem 4.4.3 ([And94][Thm. 5.1.1]). Let B be the integral closure of A in H. For allb € B, the
power series

expy Z Z qudeg(l) c HHZ“

seca(i) <0 Xo(J)(Z)

[1]

is contained in Blz].

This result was subsequently generalized by Anderson himself, who added a parameter in the
variable b ([And96][Thm. 3]). Angles, Ngo Dac and Tavares Ribeiro used the module of Stark units
to improve on Anderson’s results (JANT17b|[Thm. 4.2]), and further developed this line of research
in [ANT22|, where they proved Taelman’s class formula for arbitrary Drinfeld modules.

In their paper |[GP18], Green and Papanikolas followed another approach. They introduced a zeta
function “a la Anderson" {4 € Coo®A and gave an explicit expression of its product with a special
function w when X is an elliptic curve (JGP18, Thm. 7.3]), proving that it is a rational function on
Xp (a similar rationality result for arbitrary genera, without an explicit expression but without are
contained in [ANT17a]). Green and Papanikolas then went on to use similar techniques to give a
different proof of Anderson’s theorem [And94][Thm. 5.1.1] in [GP1§][Thm. 8.1].

In this section, we prove the generalization of |[GP18, Thm. 7.3] to a curve X of arbitrary genus
in the form of Theorem where we relate £, to a pseudocanonical special function.

Remark 4.4.4. Fix a nonzero a € A of sign 1. We have:

vol(a) = 20 _(08a) g,

Moreover, for any nonzero ideal J < A, since ¢,7 = ¢y o ¢, we have that

_ (@) _dy0¢alw) _ @s(18a)w) _ ) o Es()

w w w w

Xo(aJ) = xs((@))xs(J)-

It’s easy to check that we can extend x4 to all fractional ideals in a unique way such that for all
c € K and for all fractional ideals J we have x4((c))xs(J) = xo(cJ).
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Proposition 4.4.5. For all nonzero ideals J < A, x4(J) is a rational function on Xg with sign 1,
and Div(xs(J)) = Vi_q_j+J — Vi_g — deg(J)oo

Proof. Consider H*(Xp \ {00}, V;_g) = Upso H(Xu, Vi_g + koo), which admits {f- fEF Do

as a basis. For a fixed non principal ideal J = (a,b) < A, if we write ¢; = Zdi%(J)( c; ® 1)1, we get:

QZ)J(W) deg(J) )
Xold) = === > aif - [0V € H'(Xu,Vp_q + deg(J)o0).
1=0

Since cqeg()f - f (deg()—1) s the summand with the pole of highest degree at oo, and since Cdeg(7) =1
and sgn(f) = 1, we have:

sen(xo(J)) = Cacg(s) sen(f) -+ sgn(f) e = 1.

Moreover, if we write ¢; = 1)1 0 ¢g + 12 0 ¢y, for some 1,19 € H|[T], we get:

¢ (W) _ Y10 ¢a(w) + 120 ¢p(w) Y1 (w)
w

w w

=(1®a)

Since 1®a,1®b e HO(Xp \ {oo}, —J), L&) ©2l) ¢ gO(X;\ (o0}, V;_g), and the degree of x4(J)
is deg(J), we get x4(J) € H(Xp, V;_q — J +deg(J)oo). The divisor D := V;_g + deg(J)oo — J has
degree g and is such that:

+(1®b)

Xo(J) = %ng) :

[D - DY) =[Vi_g - V'] =[E~ o] red([D — goo]) =T — Q — J.

By Proposition D ~ VI a_j and h%(V;_g_7) = 1, hence the divisor Div(x,(J)) is equal to
Vica-g+J— V]— deg(J) O

Let’s include an easy Lemma.

Lemma 4.4.6. For any nonzero ideal J < A, as a Fy-linear endomorphism of C, ker(¢y) =
expy(ArlJ 7).

Proof. We can fix two generators a,b of J. By definition of ¢, there are 1,19 in H[r] such that
b7 = 1)1 0 ¢ + 2 0 ¢p. Since for any x € #71J !, ax and bx belong to 77l = ker(exp,), we have:

¢ 0 expy(x) = 11 0 Py 0 expy(w) + 12 0 Pp 0 expy () = Y1 0 expy(axr) + g 0 exp,(br) = 0.

In particular, exp¢(7~T[IJ_1) C ker(¢y). On the other hand, exp,(7;1J ') is isomorphic as an Fy-

!
vector space to "1 1J /7~TI 1> which has cardinality qdee(/) Since ¢ is a polynomial of degree qdes(),

we get the equality exp¢(ﬁ1IJ_1) = ker(¢y). O

o(J)(B) = 1.

(x
Proof. If J = (a), where a € A\ {0} has sign 1, red, (x¢(J)(E)) = redy(a ® 1) = 1. In particular, for
any nonzero ideal J and for all @ € A\ {0}, red, (x4(J)(E)) is equal to red, (xg(aJ)(Z)). If we write
oj = Zdeg(‘]) ¢;Tt, we have:

Proposition 4.4.7. For all nonzero ideals J < A, red,

deg(J) '
co = ( > (C¢®1)f---f(’_l)> (B) = xo(J)(5),

=0

Cdeg(J) = 1.
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By Lemma ker(¢y) = exp(z,(fr[IJ_l); let’s fix a set {a;}; € IJ~! such that the elements
{expy(7ra;)}i are representatives for the quotient (ker(¢g) \ {0})/|:><. We have:
q

Xo(J)(E) =co = H B = H HAexp¢(ﬁ1ai) = H—(expd,(frlai))q_l.

Beker(@\(0)  AeFy i i

Let’s write exp, = 150 €x7"; by Remark [4.3.16| e, € H C K for all k. In particular, for all i the
¢ k>0

element ~; := %ﬁ”ai) =), ej(fnai)qul is contained in K., which means that red,(y? ') = 1.
Since the cardinality of {«;}; is qdej(;]i_l, we have:

qdeg(J)71

red, (x¢(J)(E)) = H —red, (fr?_l) red, (v;)9"! = red, (—fr?_l) ot

%

g1
= red, (—w?

)deg(J) '

For d > 0, we can pick a,b € A\ {0} with deg(a) = deg(b) — 1. We have:

) red, (=) *E

- Syl ERE redy (=77

>deg<b>—deg<a>

hence red, (x¢(J)(2)) = 1. O

Remark 4.4.8. Following a known construction due to Hayes ([Hay79][Section 3]), for any nonzero
ideal J < A we denote by ¢/ : A — H[r] the unique ring homomorphism such that for all a € A
¢l oy = ¢pjo ¢, It can be easily shown (see e.g. [Gos98|[Subsection 4.9]) that the morphism
¢’ : A — H|[r] is a normalized Drinfeld module of rank 1 and its associated lattice is x(J)(Z)7J 1.

Definition 4.4.9. Call a; € I the unique nonzero element of least degree with sign 1. The Anderson
zeta function relative to the Drinfeld module ¢ is defined as:

(/) -
2 el )

Remark 4.4.10. In the previous definition, {4 only depends on the ideal class I of I. We can also

. _ J
write 4 = ar ® a; ! dly<r X:(qil()()a)‘

The series £, was defined in the special case of g(X) =1 and I = A by Green and Papanikolas
(|IGP1§|[Eq. (95)]), who proved that it is a rational multiple of ﬂfﬁl
their quotient ([GP18|[Thm. 7.3]). At the same time, a similar series was studied by Angles, Ngo
Dac, and Tavares Ribeiro, who proved a similar statement for general A, but without expressing the
proportionality factor (JANT17a]).

In the notation of Lemma [£.3:30] we finally state and prove the main theorem of this section, a
direct generalization of |[GP18|[Thm. 7.3].

and gave an explicit formula for
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Theorem 4.4.11. The Anderson zeta function £y is a well defined element of K ®K. Moreover, if
we fix an ideal J < A such that JQ = A, the following identity holds:

Eowpy = (Fg®1) Y R4
seGal(H/K)

Proof. Let’s fix representatives J; < I for each ideal class J; € CI(A). To prove convergence we
rearrange the terms:

Xo(J) xo(J) Xo(ai)
Z:I (N)(E) ;% (N)(E) Zi:aerlg\{o} s(aJi)(E)
ENS sgn(a)=1

_ xgladi) X¢(Ji) Xg(a)
=2 2 @ 2 ehE 2 e

i e 1\{0} Xol(a i acJ; ' T\{0}

_ Xo(Ji) .
_21-: oI @

J J

D
Since wg ; is defined as %(al_l ®ay), we get:

Xo (i) Crir
Epwep g = (71’ ®1 ————h, 7.
s =Fo @D 2 00E) G
. Cr1g
For all ¢, by Proposition |4.3.31 & is a rational function on Xpg; the evaluation at = of the

rational function X(“f](”)f() =) is 1, and by Proposition |4.4.5{and Remark [3.3.26|the positive and negative

components of its divisor is H-rational, hence the function is defined on Xp; finally, i 7 is a rational

N ¢t
function on Xpg by Lemma 4.3.300 We deduce that for all 4 the summand x:gif(jz()E)%h g is a

rational function on Xy, and by Proposition [£.4.5 and Lemma [£.3.30] its divisor is:

]—ji,* I,*

1 1
VI VD gy (Vi + i = Vi)
(V%) + Vi ;—J—E)— (29 — deg(J) — 1)o0

1 = .
=V 4V 5 —J—Z— (29— deg(J) — 1)oo = Div(h,r_j),
hence it XeU) p Vh, ;5 f H*. Si hyi3) =1, a; is equal
CNee = (@) I = (i @ 1)h ;55 for some a; € . Since sgn(h;7_5) = 1, a; is equa
to the sign of the summand. For all i denote 7 ,-1; := x¢(J)(E)7;: By Remark if 1 is the

unique normalized Drinfeld module of rank 1 whose period lattice A, is isomorphic to Ji_lf , then
Ay = 7~7J.—11Jz‘71[- If we denote s; := X¢(J¢)(E)_1C;1CJ__1], by Proposition 4.3.24] we have:

1)

~_ 1)
Sgl) B (X(b(J')(E)_l(J*l]) i_ (T‘—J;IICJ;11> ) 7~TI_1C] _< fI_,* )(1)
si xe(D@Gy W LG @)Y U

(1)> sgn(f7,)?

= —_— = 17
si ) " sen(fr_z.)0

= sgn(s;)9"! = sgn (
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in particular,
a; = sgn(s;) - sgn(xe(Ji)) - sgn(h;r) = sgn(s;) € Fy.
On the other hand, by Proposition and Proposition [£.4.7 we have:

—\\\ —1 CJ[ll
red, (sem(s:)) = red(san(xo (J5)(2))) " - red, (sgn< . )):1,

hence a; = 1. We can rewrite:

Cpwpg = (Fo@1)D hyr 5 =(Fe@1) Y h3 i
; seGal(H/K)

O]

Remark 4.4.12. Evaluating at = we get {;(Z) = #C1(A) modulo the characteristic of F,, general-

izing [GP18|[Corollary 7.4].
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Chapter 5

Pellarin zeta functions and Pellarin’s
identity for arbitrary Drinfeld
A-modules

As in the previous chapters, we let X/Fq be a smooth, projective, geometrically irreducible curve of

genus ¢g(X) with a closed point co € X. We drop the assumption that oo is Fy-rational, and denote
by e its degree. Recall that A denotes the ring H°(X \ {cc}, Ox) of rational functions with only
poles at oo, K denotes the completion of K at co, and C,, denotes the completion of an algebraic
closure of K.

In Definition we introduced the functor of Anderson eigenvectors relative to an arbitrary
Anderson module E. Replacing the action of ¢ by its adjoint ¢*, in Definition we introduce
the functor of dual Anderson eigenvectors Sfy« : A — Mod — A — Mod. In the case of a Drinfeld
module £ = (G, ¢) of rank 1 with period lattice Ay, we have proven in Theorem that the
series ¢ = — ) \ea, A1 ® X € Cu®Ay satisfies the following identity for all a € A:

(¢a®1)¢=(1®a)C.

Using the functorial language of Definition we generalize Theorem 4.3.27] to arbitrary Drin-
feld modules with a result analogous to Theorem [2.2.9]

Theorem (Thm. [5.2.10)). Let (G4, ¢) be a Drinfeld module of rank r. The functor Sty is natu-

rally isomorphic to Homa(Ag, ); moreover, the universal object in Coo®Ay corresponds to the map
Ay = ker expj;S C Cw and can be expressed as — ZAe%\{O} Al ® A

We call the universal object (4 € COO®A¢ the universal dual Anderson eigenvector, in analogy
with the universal Anderson eigenvector wy € Coo® Hom4(Ag, Q).
As said in the introduction, we define a natural C,,®A-bilinear pairing

1 Coo®Ay x Coo® Homa(Ag, 2) — Coo®Q = Hom™ (Koo/A, Coc) .

and evaluate the pair ((y,ws). If 7 = 1, we can immerse both spaces on the right hand side in
Coo®A (although in a noncanonical way), and this pairing can be identified with the usual product
of elements in the algebra Coo®A. With this in mind, the following result can be interpreted as a
partial generalization of Theorem to Drinfeld modules of arbitrary rank.
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Theorem (Thm. [5.4.2). Let ¢ be a Drinfeld module with period lattice Ay, and denote by wg and
Cp the universal objects of the functors Sfy and Sfy, respectively. For all integers k, the pairing
Cop - (TkW¢) in Coo®8 is a rational differential form on Xc_, .

5.1 Some remarkable identities in C

5.1.1 Poonen duality

Definition 5.1.1. Let Co[[7, 7 !]] denote the set of bilateral formal power series in 7. For any formal

series s = 3°; 8;,7" € Cxo[[1, 77!]], we define its adjoint as s* == 3, 7 's; = >, 87 "7 e Coo[[r, T Y]

Remark 5.1.2. Multiplication by elements of the noncommutative ring Co[7,7!] endows the set
Coo|[7, 77 Y]] with a Co[7, 7 !]-bimodule structure.

Denote by expy € Coo[[7]] € Coo[7, 77!]] the exponential relative to ¢.

Remark 5.1.3. With similar arguments as in Remark [4.3.19} it’s easy to show that, since exp,
has an infinite radius of convergence, the adjoint exponential exp}, € Coo[[T 1] € Co[r,771Y] also
converges everywhere on Co (see also [Poon96|[Prop. 1]).

We follow a construction due to Poonen, who proved a duality result of central importance to this
section ([Poon96|[Thm. 10]).

Lemma 5.1.4. For all B € ker(exp}) \ {0}, there is a unique element gz € Cx[[7]] such that
(1—-7)gg = Bexpy. Moreover, gg has infinite radius of convergence.

Proof. Let’s consider the following formal series:

h:= ZTi € Cooll7]];

i>0

since h(1 —7) = 1, the defining property of gg is equivalent to the identity gs = h3exp,: this proves
both existence and uniqueness. If we call e; the i-th coefficient of exp, and ¢; the i-th coefficient of
gp, from the identity gz = hf3expy we get the following:

k 1 k
i gt = S ~i i
k= Zﬁq ei_; Yk € Z>g = hlgn o = hllcrnz el BT =expy(B) =0,
1=0 1=0
hence the radius of convergence of gg is infinite. O

Remark 5.1.5. Since ker((1 —7)gg) = ker(Bexpy) = Ay, gsla, has image in Fy.

By convention, we set gg = 0. Recall that A¢ = Homg (Ag,Fy) has a natural topology which
makes it a compact A-module. We state [Poon96][Thm. 10] in the special case of the exponential
function.

Theorem 5.1.6. The function 1 : ker(expy) — A¢ sending 8 to gs|a, is an A-linear homeomorphism,
where a € A acts on the left hand side by sending c € ker(expy) to ¢5(c).

The following proposition, which is proven in Subsection 5.1} can be viewed as an explicit algebraic
formula for the inverse of the isomorphism in Theorem [5.1.6
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Proposition (Proposition [5.1.18)). For all § € ker(expz) \ {0}, the following identity holds in Coo:

A
p=- ¥ o2

AeA,\{0}

In the following subsection, we include some technical lemmas necessary for the proof of Propo-
sition With the same lemmas we are also able to prove the following proposition, where we
denote by log, the inverse of the exponential exp, in Cu[[7]]; We also denote by /; and e; the i-th
coefficient of log, and exp,, respectively, and we set by convention l; = e; = 0 for all ¢ <0.

Proposition (Proposition |5.1.19). Let ¢ be a Drinfeld module of rank r. For all integers k, for all
c € Koo \ {0} with ||c|| < q%, the following identity holds in Cu:

expy(cA) i
Z T = — Z ejlg Cq .

AeAH\{0} i+j=k

5.1.2 Lattices
Throughout this subsection, C is a complete normed K.-vector space (with nonarchimedean norm).

Definition 5.1.7. An infinite Fy-linear subspace V' C C is a lattice if for any positive real number 7
there are finitely many elements of V' of norm at most r.

An ordered basis of V is a sequence (v;);>1 with the following property: for all m > 1, v, is an
element of V' \ Spang ({vi}i<m) of least norm. If such a basis exists, we call the sequence of real
numbers (||vi||)i>1 a norm sequence of V.

Remark 5.1.8. If V C C is a lattice, every subset S C V has an element of least norm. In particular,
since V is infinite, we can construct an ordered basis of V by recursion.

The next two results justify the terminology "ordered basis" and prove that the norm sequence
exists and is unique.

Lemma 5.1.9. If (v;)i>1 is an ordered basis of a lattice V. C C, it is a basis of V' as an Fq-vector
space.

Proof. For all m > 1 v, & SpanFq({vi}Km), hence the v;’s are Fg-linearly independent. Since
for all » € R there is a finite number of elements of V' with norm at most r, the norm sequence
(lvill)i>1 tends to infinity; in particular, for all v € V' there is an integer m such that |[v,,| > ||v]], so
v € Spang, ({vi}icm) by construction of vp,. O

Proposition 5.1.10. If (v;);>1 is an ordered basis of a lattice V- C C, and (v});>1 is a sequence of
elements in V' that are Fy-linearly independent and whose norms form a weakly increasing sequence
of real numbers, then ||vi|| > ||vi|| for alli. In particular, the norm sequence of V' does not depend on
the chosen ordered basis of V.

Proof. By contradiction, suppose |[v] || < |lvm| for some m. Then for all i < m we have
[vill < [lomll < llvmll, so v; € Spang ({v;}j<m) by construction of vp,; since {vj}i<m is a set of
m Fg-linearly independent vectors and dimg, Spang, ({vj}j<m) = m — 1, we have reached a contra-
diction. If we take (v}); to be another ordered basis, by this reasoning we get both ||v/,|| > ||v,|| and
llvml|l = ||vl, ||, hence the norm sequence is independent from the choice of the ordered basis. O
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Finally, we show that the norm sequence of a subspace is reasonably well behaved.

Lemma 5.1.11. Let W C V C C be lattices. The norm sequence (s;)i>1 of W is a subsequence of
the norm sequence (r;)i>1 V.
Moreover, if dimg, V/W =n < 00, fori> 0 we have r; = Si1p.

Proof. Let (w;);>1 be an ordered basis of W. Let’s construct an ordered basis (v;);>1 of V' recursively
in the following way. For all k& > 1 let f(k) be the least integer such that wy) ¢ Spang, ({vi}i<k),
and let v} be an element of least norm in V' \ Spang, ({vi}ick). If [lvpll < [[wyll, we set vy = vy,
otherwise we set vy = wy ).

By construction (vg)g>1 is an ordered basis of V', so we only need to show that for all j > 1 there
is some k > 1 such that vy = w;. By contradiction, let j be the first integer such that this does
not happen, and let k be the greatest integer such that w; & Spang ({v;}i<k), which exists because
(vi)i>1 is a basis of V. This means that w; = avgy + v for some v € Spang ({vi}i<x) and some
constant o € F*, and since vy, # wj, by our algorithm we must have ||vg| < [lwj[; as a consequence
||| = |Jwj — avk|| = ||w;|| > |Jvg||, which is a contradiction because, since (v;);>1 is an ordered basis,
llvg]l > ||vi]| for all ¢ < k, hence |lvg] > ||v]|-

If dimp, V/W = n < 00, since the basis {v;}i>1 of V extends the basis {w;};>1 of W, there are
exactly n elements of the former which are not contained in the latter. Since, taking the order into
account, (w;);>1 is a subsequence of (v;);>1, for i > 0 we have v; = wj4,,, hence r; = $j4. O

We now consider C = C4, with the usual norm || - ||.

Lemma 5.1.12. Let V C Cy be a lattice which is also a (projective) A-submodule of finite rank r,
and let (s;)i>1 be its norm sequence. Then:

o foralli >0, Sijyer = q° - 555
o forallk€Z, foralli>0, *t < ¢l

o . Sik k
e forall k € Z, for infinitely many t, ﬁ <qr.

Proof. We can choose a,b € A\ {0} such that deg(b) = deg(a) + e. Fix an ordered basis (v;)i>1
of V: obviously, (av;)i>1 and (bv;);>1 are ordered bases respectively of alV and bV. Since V has
rank 7, dimg, V/aV = rdeg(a) and dimf, V/bV = rdeg(b), therefore by Lemma we have
lvill = llavi—y deg(a) | = 1bVi—p deg(p)ll for i > 0. Rearranging the terms, we get that, for i > 0:

Vi~ deg(ay | = lall ™ 181111vi—r deg() | = ¢°11vi—r degs) I

Shifting the pedices we get [[vill = ¢°||vi—y(deg(t)=deg(a)) | = @°l|Vi—er|| for @ > 0, which is the first
statement.

For all £ € Z, since the norm sequence is weakly increasing, we have the following inequality for
1> 0:

Sithk Siter[£] _ qe[£1.

S; S;

Moreover, for all 7 > 0:

- k=1 Site(i+l)r _ ek ;
Si+k(j+1) _ Sitker _ {Hj:(] Sivejr " if k>0

. S . S
]:0 Z+k] t Sitejr
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75

hence at least one of the factors on the left hand side has norm at most qé; this implies that the

inequality 8%" < qé holds for infinitely many values of 4.

5.1.3 Estimation of the coefficients of g and exp,

Definition 5.1.13. For a lattice V C C,, for all integers i > 0 we define:

) -1
e Y T
ICV\0 vel
[]=¢"-1

(by convention, ey,g = 1).

Remark 5.1.14. For all ¢ € C, since V C C, is a lattice, the infinite product

()

veV

converges, and is equal to

n
Z evncl .

n>0

In particular,

D evnz?" € Coo[[]]

n>0

O

is the only power series with infinite radius of convergence and with leading coefficient 1 such that

its zeroes are simple and coincide with V.

Lemma 5.1.15. Fiz a lattice V C Co, with norm sequence (1;)i>1. Fix an ordered basis (v;)i>1 and

call Vi, := Spang, ({vi}i<m) for all m > 0. We have:
o forallk>0:

k

i—1_ i

level <TI78 %
=1

e for allm >0, for all k > 0:

K
> vt

UEVm

{:0 ifk<m

k__m m qi—qi71 . :
< vk ILE, ifk>m

Proof. For the first part, if k£ = 0 then ey, = 1, so there is nothing to prove. If k¥ > 0, we have:

k

I

veV),

levill=| > T[v7'| < | nax
ICV\{0} vel _V\k{O}
[I|=¢"-1 [T|=¢"—-1

i=1

[Io"
el

i—1 i
_ ¢ —q
= | I r; .
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For the second part note that, in the notation of Lemma the element whose norm we are
considering is equal to quk_l(vl, ...,Um). By that lemma, if £ < m, the element is zero, otherwise
we have the following inequality:

dy

ISmgroa(vne o) < max ot ue
1:--90m

di+-+dm=q"—1
Vj di+-+d;j>q’ —1

It’s easy to see that the maximum norm of the product v?l ---v%m under the specified conditions is

obtained when we set d; = ¢* — ¢*~! for i < m and d,, = ¢* — ¢™ ', therefore we get the desired
inequality. O

Let ¢ be a Drinfeld module of rank r with lattice Ag.

Remark 5.1.16. Since Ay C KAy is discrete and KAy = K7 is locally compact, Ay is a lattice
of Coo. Moreover, ey, ,, is exactly the coefficient of 7" of the exponential function expy € Coo[T]].

Recall the definition of gg for all 3 € ker(exp:;) given in Lemma |5.1.4

Lemma 5.1.17. For all B € ker(expj) \ {0}, ker(gg) is an Fq-vector subspace of Ay of codimension
L. In particular, gg = B3>0 Eker(gs)nT -

Proof. If ¢ € ker(gg) then expy(c) = 871(1 — 7)(gs(c)) = 0, hence ¢ € Ag. Moreover, 9gsla, is an
Fg-linear function with image in Fy, hence its kernel V3 has codimension at most 1 in Ag. It is exactly
1 because gg|a , is not identically zero by Theorem

From the identity (1 — 7)o gs = B exp,, since the zeroes of exp, are simple, we deduce the same
for the zeroes of gg, therefore gs = ¢ 3-,,50 €xer(gs),m ™" for some constant cg € Coo by Remark
Finally, from the same identity we deduce that the coefficient of 7 in the expansion of gz is 3, hence

cg = B. O

5.1.4 Proof of the identities

We can now prove the main propositions of this section.

Proposition 5.1.18. For all 8 € ker(exp;)), the following identity holds in Cyo:

A
SRV o

AEA {0}

Proof. The series converges for all g € ker(expz’;}) because the denominators belong to the lattice Ay
and the numerators to F,. For § = 0 the identity is obvious, hence we can suppose § # 0. Fix an
ordered basis (\;)i>1 of Ay and define A, = Spang_({\i}i<m) for all m > 0. By Lemma
ker(gg) C Ay has codimension 1, hence by Lemma if we denote by (r;);>1 and (s;);>1 the
norm sequences respectively of A, and ker(gg), there is a positive integer N such that for all i < N
s; =14, and for all ¢ > N s; = r;41. For all m > N, we define:

A
O LD M- ST ) S T

A€M \{0} k>1 AEAR
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By Lemma [5.1.15] we have:
k_
187 Smll = D exer(ga ke D U <maX{Heker gkl || D AT }
E>1 AEAm AEA,

k m
i—1_ i k_,m i gi—1
q q " —q q'—q
e (I (o T
=1 =1
k 1 i m D i
_ q'—q" q"—q™ q'—q'"
—ped (T2 ) (s Tt
= i=N i=N
m qiiqi—l k qiiqi—l
T Tm
—maxd (T () (™)
k>m ; Ti4+1 . T
i=N t=m-+1

_ N— i_o i—1y i—2
() i ()
T"m+1 . T"m+1

i=N+1
N_ _N-—
q —q
r
S( N>
T"m+1

Since this number tends to zero as m tends to infinity, we have the following identity in C

0=limSy =lim [ G+ 3 gﬁy) =5+ 3 %W O
AEAR\ (0} AeA L\ (0}

PropOSItlon 5.1.19. For all integers k, for all ¢ € Ko \ {0} with ||c|| < q ", the following identity
holds in C

exp,(cA) i
T 7;5 S S S

AeAL\{0} i+j=k

Proof. First of all, let’s show that series on the left hand side converges. Since exp,(KwAg) is
homeomorphic to the compact space KOOAQV ‘A, the numerators exp¢(c)\) are bounded in norm by

some positive real constant. In particular, since Ay C C is a lattice, for any positive real number e
exp¢ (eA) ‘

there are finitely many A € Ay such that ‘ < g, so the series converges.

Fix an ordered basis (A;)i>1 of Ag, set 1; == ||)\z||, and define A,, := Spang ({Ai}i<m) for allm > 1
define:

qk

. exp,(cA) i ok kg i
Sm= —F Z ejct N1 :Zek+jcq B I
AeAn\{0} 0<5<k Jj=1 AEAM
AeAR\{0}
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where by convention we set e; = 0 for all j < 0. By Lemma [5.1.15] for all m > 0 we have:
qk

J—
ISmll =3 exsge”™ (Z X ) < max § flexf o]

j>1 AEAp,

k+j k+j i—1_ 1 j m m i__i—1 1
<max q [ e N A |
jzm i=1 i=1
q J H»k 1_ l+k J qi+k_qi+k71
<max 4 |le] IT s [1lell)
- i=1—k =1

7,+k i+k—1
eom{ 1 (1)
j>m e Ti+k;
gtk —gith—1

, q
= hmsup [ Sl < Ck - limsup H (”CHTz) ,
j i=m+1 TZ-‘rk‘

5]

AEA .,

k

where C}, is a nonzero constant which depends on k. Since the norms of nonzero elements of K, are
k—1
integer powers of ¢°, we actually have the inequality ||c|| < qeL?J. By Lemma [5.1.12] we have:

lef —— < ¢°l's
el —

e[-&1 = q° = .q—eLﬁj < 1 for all ¢ large enough;

7”14_

_1
p

= ¢ r < 1 for infinitely many values of i.

Tit+k
The first inequality implies that the limit superior

gtk _gitk=1

J . q
lim sup H <HC’T2>

is finite, the second inequality implies that it is zero. We deduce that the sequence |[|S,,|| converges
to 0. If £ < 0, we get the following identity in Co

expy(cA
3 oD g o,
Y m
AeA,\{0}
If instead k& > 0, we get the following identity in Cy

k
eXP¢>(C)‘) . J J_gk
E T = hr%n Sm + E ejcq E )\q q

AeA\{0} Jj=0 AeAn\{0}
k—1 ] . X
J J
= e;c? Z AT ) — et
j:() )\GA¢\{O}

_ Zejlqj q’

where the last equality follows from Lemma O
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5.2 Universal dual Anderson eigenvector

Recall the definition and properties of Anderson modules discussed in Subsection Let’s for-
mulate a notion of dual Anderson eigenvectors, analogously to Definition for any Anderson
A-module E = (E, ¢).

Recall that by Remark E(Cw) has a natural structure of topological C-module, hence the
same holds for F(Cy)" := Homc_ (F(Cx),Cx). Let’s endow the E(Cy) with the natural A-module
structure induced by ¢.

Definition 5.2.1. For all integers k, for any pair of C-vector spaces V, W let’s set:
Homy, (V, W) == {f € Homg, (V,W)Vc € Coo foc=c" o f},

Hom(V, W) = @ Homy (V, W);
kezZ
similarly, Endg(V) = Homg(V,V) and End(V) := Hom(V,V). Moreover, we define the adjoint
~: Homy (V, W) — Hom_(WV, V") sending f to the map f* taking h € WV to 7 ¥ oho f.

Lemma 5.2.2. Let V :=C% and W := Cl. Each function in Homy(V, W) can be written uniquely
as MT*, where M is an m-by-n matriz with coefficients in Coo and 7 :V — V sends the vector (v;);
to (Uf)z

Proof. Fix f € Homy(V,W). For all v € V and for all ¢ € Cy, we have:

for ™ (ev) = f (7 T7F W) = c(for M),

k

hence f o 77" can be represented by an m-by-n matrix. ]

Corollary 5.2.3. If V and W are finite topological Cu-vector spaces, all functions in Homg(V, W)
are continuous. In particular, there is a natural immersion from Hom(V, W) to the set of continuous
Fy-linear homomorphisms from V to W.

Remark 5.2.4. We can extend the adjoint to a map * : Hom(V,W) — Hom(WV,VV). If V,
W are finite Cso-vector spaces, the adjoint is a bijection. If moreover V. = W, the space
End(V) = Hom(V,V) has a natural noncommutative algebra structure induced by the composi-
tion, and * : End(V) — End(V") is an anti-isomorphism of algebras.

Remark 5.2.5. The algebra @z, Endi(E(Cs)) is naturally isomorphic to the algebra of endo-
morphisms of E as an F-module scheme over Co, (see for example [Gos98|[Lemma 5.4.4]).

Definition 5.2.6. The action ¢* : A — End(E(Cx)") € End@™(E(C)Y) is defined as the adjoint
of $: A — End(E(Cy)).

Remark 5.2.7. For all a € A, if we write ¢q = > (¢a)r € End(E(Cy)), we have that ¢} = 31 (dq)j-
In the special case of Drinfeld modules, where we take F = G, this notation agrees with the one
established in Proposition [4.3.11

Definition 5.2.8. Let £ = (F,¢) be an Anderson A-module. For any discrete A-module M, its
set of dual Anderson eigenvectors is defined as the A-module of continuous A-linear homomorphisms
Hom¥{™ (M, E(Cx)Y) € E(Cx)"®M. We denote by Sfg« : A — Mod — A — Mod the natural
functor that extends this map.
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Remark 5.2.9. We can write as follows the property of being a dual Anderson eigenvector
(=3,2@m; € B(Cs)V®&M. For all a € A:

Zzz' ® am; = (Z(%); ® 1) (Z 2 ® mi) =Y (da)jzi@mi =) (177 0 z0(da)j) @ mi.

J 2 12
From now on, let E = (Gg,¢) be a Drinfeld module. In this case, we can naturally iden-
tify G4(Cso)Y with Coo. To avoid confusion, we denote this object by Cfo*, to underline its A-

module structure. If for any a € A we write ¢, = 3_; a;7%, under this action a sends ¢ € C% to

¢i(c) = al e

Theorem 5.2.10. Let (G4, ¢) be a Drinfeld module of rank r. The functor Sfy« is naturally isomor-
phic to Homa(Ay, ); moreover, the universal object in C£®A¢ corresponds to the map

—1

Ay = ker expy, C C% and can be expressed as — ZA6A¢\{0} Al e

Proof. The map expj : C2 — C is a continuous A-linear morphism; for any discrete A-module M,
it induces a morphism Sfg- (M) — Hom%™ (M, Co), where the Pontryagin dual M = Homg, (M, Fy)
is endowed with its natural structure of compact A-module. Fix some ¢ € Sfy« (M), with image (:
since M is compact, the image of ( must be a compact sub-A-module of C,, but for any ¢ € Cy \ {0}

the set A - ¢ is unbounded, hence ¢ = 0. We deduce that the image of ¢ : M — ce must be contained
in ker expz, which by Theorem is isomorphic as a topological A-module to Ag; we have the
following natural isomorphisms:

Sf g (M) = Hom%™ (M, ker exp};) = Hom ™ (@,M) = Homa(Ag, M),

where we used Lemma for the second isomorphism.
The universal object (4 € ce ®A¢, is given by the natural morphism

P Ay = kerexpy C ce

]
.

of Theorem |5.1.6, which by Proposition |5.1.18| sends g € A¢ to — ZAEA¢\{0}
If we fix an Fy-basis ();); of Ay, with (\]); dual basis of Aqﬁ, by Proposition [2.1.14 we can write
Co = 2 ¥(A) ® Ay, hence:

=21 X A’*A(/\) @ANi=— Y ATeNMN=— > A'e

i AEAL\{0} AeAL\{0},i AeAL\{0}
[

Definition 5.2.11. We define the universal dual Anderson eigenvector (; € Coo®Ay as the universal
object of the functor Sf .

Corollary 5.2.12. For all discrete A-modules M, Sfy«(M) is isomorphic to Homa (A, M) as an
A ® A-module. In particular, for any M we have the following equality between subsets of Coo@M :

S+ (M) = > AT @l(A)|l € Homa(Ag, M)
AeA,\{0}



5.3. A CONVERGENCE RESULT FOR THE UNIVERSAL ANDERSON EIGENVECTOR 81

Remark 5.2.13. Fix an Fg-basis ();); of the discrete A-module Ay, with (A}); dual basis of A¢. By
Proposition 2.1.14) we can express the universal object in the following alternative way as an element
Of Cg ®A¢:
Co =D V(A ® N,
i

*

where 1 denotes Poonen’s isomorphism A¢ = ker(exp;) C Cfo.

5.3 A convergence result for the universal Anderson eigenvector

Let’s fix a Drinfeld module (G4, ¢) of rank 1 with period lattice Ay, and write (g =
Yz ® N € COO®A¢, where (););>1 is an ordered basis of Ay4.If we assume oo € X(F,;), Chung,

Ngo Dac, and Pellarin proved that, for any nonnegative integer k, >, ziqk A; converges to the k-th
coefficient of the logarithm, while for any negative integer k it converges to 0 (J[CNP23|).

We aim to prove this result for a Drinfeld module of arbitrary rank, exploiting the defining
property of the universal Anderson eigenvector.

Proposition 5.3.1. Let (G4, ¢) be a Drinfeld module of rank r, fix an Fy-linear basis (X;)i>1 of Ag,

~ k
and write (3 = >, 2@ \j € Co®Ay. Then, for all integers k the series _; z] N converges; moreover,
if k > 0 it converges to the k-th coefficient of the logarithm l;,, while if k < 0 it converges to 0.

Proof. Let’s fix a € A\ Fy (since X is geometrically irreducible, deg(a) > 0) and fix an ordered basis
(AY)i>1 of Ay. By Lemma |5.1.12| there is some N such that, for all i > N, ||)\;’+Tdeg(a)|| = ||aX/||; for
1> 0, let’s define

;AN if 1 <id <rdeg(a)
i+N = Iy
* a)\;Jerrdeg(a) if ¢ > rdeg(a)

so that [|[\;]] = ||\/]| for all i > N. By Lemma the rank of A" := Spang ({\}i>n) C Ay as
an Fy[a]-module is r deg(a), hence the elements {A]} yi<Nirdeg(a)s Which generate A" as an Fy[a]-
module, are F,[a]-linearly independent. In particular, the sequence (\;);>y forms an ordered basis of
A’, hence, by Lemma A’ has codimension N in Ay. We choose M|, ..., Xy € A4 to extend the
basis of A’ to Ag.

Let’s write ¢y = >, 2/ @ \j; if we denote by (X\;"); the corresponding dual basis of A¢, and if we
call 1) Poonen’s isomorphism f\¢ = ker(expy) C Coo, by Remark we know that 2] = (\;"); in
particular, for ¢ > 0, we have

Zl{ = ¢(>\i*) = ¢(GA;+T deg(a)*) = ¢, (1/)( ;‘—f—rdeg(a)*)) = ¢Z(Z£+r deg(a))'

Let’s write ¢f = >, 7 *ax. There is some real constant & > 0 such that that, for any ¢ € C, with
—rdeg(a)
lell < &, Iga (@)l = llar degiayell ™™
!/

HZ’ZH = ||¢Z(Zzl+rdeg(a))” = ”ardeg(a)zg+rdeg(a)|’q I hence sz-i,-rdeg(a)H = ‘ ||ardeg(a)H71'
For any positive real constant € < 1 there is a positive integer M such that, for all ¢ > M,

. Since the sequence (z]); converges to 0, for i > 0 we have

—rdeg(a) ‘Z,qu deg(a)
7

1
l1zi [l ar deg(a) |l ** < €. By recursion—assuming M is large enough—we deduce that, for all & > 0
and for all ¢ > M:

qkr deg(a) _4

kr deg(a) g = '=2 kr deg(a) 1
”Zz{+krdeg(a)” = HZ;Hq ||ardeg(a)|| et g Hardeg(a)Hq_l'
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qufT deg(a)

In particular, by setting i = M + 1,..., M + rdeg(a), and setting 0 :=
that [|z|| < 67" ||a, deg(a Hq T for n > M. Since )\n+rdeg( ) =
C > 0 such that |\ || < C’Ha||rdeg<a> = Cq~ for all n, hence for all k € Z we have

< 1, we deduce

= a)], for n > 0, there is a real constant

n+k n
T

tm s 12417 I\, < Cllar gt |77 - lim sup#”* " = 0.

k
We deduce that the series >, 2/ X converges in Cy, for any integer k.
For all 4, we can write \] as a finite sum 3_; a; ;A; with constants «; ; € Fy, so we have:

G- AeN Y e (Zaz‘,j/\j> =3 > i @A =) (Zai,jzé) ® Aj.
; ; j i 7o

For all j, we deduce z; = Y; v ;2. Moreover, for any integer k:
Zzgk)\] = Z (Z OéZ] i ) )\ = Zz/q <Z ai,j)\j> = ZzquA;
J J \izj Jj<i i
For all k, let’s set [}, == izz’gk/\;. If k£ > 0, we have:
=Y A" = 3 AN N =3[ X AN ) A

>\€A¢ >\€A¢ i Q >\€A¢

qk

=S S A ] =D g )TN = Zz/q A =

% )\EA¢, i

Note that for all a € A, >, 2z ® aX; = 3, ¢%5(2)) ® \i, hence for any integer k we have the identity:
k

PIEARTED B ACHE

i i
Define logj = >, 7% € Coo[[r71, 7]]. For all a € A, if we write ¢} = > 7 Ja;, we have:

k—j
alog'd):aleTk:ZZa)\' /qT —ZZ)\ :ZZ)\;(ajz;)q *
k k ki
—ZZ(Z)\' k= Jz) ZZlk T T iard = logy 0.

Since log, has the same property, log, —logl, is a series in Coo[[7!]] such that a(logs —log)) =
(logs —logy) ¢, for all a € A. If by contradiction log, —logy # 0, the degrees of both sides would
differ for all a € A\ Fy: we deduce that log, = logy, hence I}, = 0 for all k < 0 and I = 1.

O
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5.4 Pairing of Anderson eigenvectors and dual Anderson eigenvec-
tors

Let’s fix a Drinfeld module (Gg, ¢) of rank r.

By Theorem if o € X(F,) and ¢ has rank 1 and is normalized with respect to some sign
function sgn : A — Fg, the product of an element in Sfy«(A) and an element in Sf;(A) is a rational
function over Xc__ .

To generalize this statement to Drinfeld modules of arbitrary rank, we need a proper way of
"multiplying" (s and wg. The aim of this section is to define a the dot product (s - wg € Coo® and
study its properties.

5.4.1 Definition and rationality of the dot products (- wék)

Let’s start with the following lemma.

Lemma 5.4.1. Let (X\;); be an Fy-linear basis of Ay and (X}); the corresponding dual basis of A¢ The
following Ac__ -linear pairing is well defined:

Coohy ® Coo®(Homy(Ag,Q)) —— Coo®

i@ ® Y;di@New) = X (ad) @ (AF(Ai)w;)
I I
f g

Moreover, under the identifications
Coo®Ay = Homf™ (Ay ®4 Boo/4,Coo ) and Coo®Q = Homg™ (Koo Coo)

for allb € KOO/A we have:
g(b) => cif(Ni®b).

Proof. The morphism is well defined because for all £ > 0 there are finitely many pairs of indices (4, j)
such that ||c;d;|| > €; the Ac__-linearity is also obvious from the definition. Call res: Q® Ko /A — F,

and resy, : (Homa(Ag, Q) ® (A¢ ®A KOO/A) — F, the two perfect pairings outlined in Theorem
2.1.10 and Remark 2. 1.7 We have:

g(b) = Z cidjres(A; (Ni)w;, b) = Z ¢ Z djresp,(Aj @ wj, \i ®b) = Z cif(Ni ®D). O
irj i ]

(2

The pairing defined in Lemma is denoted by a dot product. For any element h € Coo®@Q =
Homf:‘;”t (KOO/ A Coo) and for any b € K., with projection b € KOO/ 4, to simplify notation we write
h(b) to denote h(b). We can now state a partial generalization of Theorem [4.3.32

Theorem 5.4.2. For any Drinfeld module ¢, for all integers k, the dot product (s - wék) in Coo®$ is
a rational differential form over the base-changed curve Xc_ . Moreover, for all positive integers k,

G- w € Qe = Coo ®E, Q.
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Proof. As an element of Hom“’”t (K AW Ay oo), wg sends the projection of any ¢ € Ko Ay to
expy(c) by Theorem By Lemma since Gy = — > xen,\{0} At @\, for all b € Ky and for

all integers k we have

qk

k exp(bA)?" exp(bA
P =- 3 SOV (5 epld
AeA,\{0} AN \{0}

By Proposition |5.1.19} for all positive integers k, if b € K, has norm at most ¢ -5 , (o w k)(b) =0.

Let’s denote by C C {00/ 'y the subspace generated by the projections of elements in Ko, with norm

at most q_%, and denote by @ the quotient KOO/ A / C'. Since @ is a finite F-vector space, we get
the following:

HomCOnt ( OO/A’ ) B} Homlcz?znt(Q, Coo) = HOqu (Q7 Coo) = Coo ® Q
(k)

Since (4 - w P restricted to C is identically 0, it’s contained in Cyo ® @, therefore it can be expressed
as a finite sum:

—

Co - w¢> ZCZ®IU/Z€COO®QCCOO®KOO/A Qc,..

Since the (4 -wg) is a rational differential form over X¢c_ for all i > 0 we proceed by (backwards)
induction to prove it for all negative integers. Fix some k < 0 and suppose that (4 -w((;) is a rational
differential form over X¢c_ for all i > k; fix some a € A\ F,. From the definition of special functions
we have:

rdeg(a)

l@a-a®lws= 3 ()il

=1

®) 1 rdeg(a) (hti)
f— . fd a v s
“ Y T Tga_ar el ; (007 Go -

(k)

hence (g - w,, " is a rational differential form over Xc,. O

(k)

Remark 5.4.3. From the previous proof we deduce that, if we can compute the dot product (4 - We
for rdeg(a) consecutive integers k, then we can compute it for any value of k.

5.4.2 Computation of the dot products ¢, - wék) for k <0

We can expand on the previous theorem. In fact, we are able to describe explicitly the differential

form Cék) -wy for k large enough by using once again Proposition [5.1.19

Theorem 5.4.4. For all b € Ko denote by s(b) € Ko an element of smallest norm such that
b—s(b) € A. For all integers k > re (L%J + 1), we have the following identity for all b € K

Z ejlqj
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Proof. Recall that the norm of all elements in K, is an integer power of ¢¢. Fix any b € K., suppose

0
[s(b)|| = ¢°* for some integer d; the F,-vector space H(X

less than e, otherwise there would be some a € H°(X,doo) C A such that ||s(b) — al| < ||s(b)]],
contradicting the minimality condition on s(b). By Riemann-Roch, if e(d — 1) > 2g — 2, the spaces
HY(X,(d—1)00) and H°(X,doc) have dimension respectively e(d — 1) — g+ 1 and ed — g + 1, which
is a contradiction, hence ||s(b)| < qu?JH). Since ®-1 > e (L@J + 1), by Proposition [5.1.19
we have:

’ OO)/HO(X’ (d — 1)o0) has dimension

ex k j
(O up®) = (P wglo)) = 3 SRl =2t m

seiooy A

Remark 5.4.5. Equivalently, for all integers k > re (Vg 2J + 1) and for all b € K

—k

q
Co - W¢ (Z ejlqj )

Given any integer ¢ and any b € K, this result allows us to compute (g - wg)(b) in the same way we
proved rationality in Theorem [5.4.2} as we observed in Remark

5.4.3 The generating series of the dot products (, - wék)

Using Theorem [5.4.4) and Remark 5.4.5, we can compute the dot product (4 - wék) for any

k> —re (L%J + 1), but since the sketched algorithm is recursive, it’s necessary to compute all the

intermediate dot products (4 - wg) for —re (L%J + 1) <i<k.
The objective of this subsection is to streamline this computation by studying the generating

series: .
Z Co - wé Ik e Cool[r, 771]].
keZ

Definition 5.4.6. Denote by C,(7) the subset of Coo[[7]][77!] given by the series with a nonzero
radius of convergence on Cg,

Remark 5.4.7. The set Coo(7) is closed under addition and composition, hence it is a subring of

Cooll7lII7~"].

Remark 5.4.8. Since the radius of convergence of h = Y, i7" € Coo[[7]][r}] is the inverse of
lim sup;_, . [|h:]|7 ", we have that h € Coo(7) if and only if limsup,_, ., ||| " < oo.

Lemma 5.4.9. Every nonzero element h € Coo[7, 7] admits a (unique) bilateral inverse in Coo(T).

Proof. There is a unique nonzero ¢ € Co, and a unique k € Z such that b’ := 7%¢h can be written
as Y ;o hiTt with hg = 1; since 7¥c is invertible in Coo(7), it suffices to prove it for A'. If we call
hy ::721-21 hit", the series > ;5 b’y is a well defined bilateral inverse of h' in Co[[7]]. Since h’ has
finitely many nonzero coefficients, it’s easy to see that there is some R € R-( and some positive real
constant C' < 1 such that, for all z € C, with norm less than R, ||hz?|| < C||z| for all i > 1.
In particular, for all z € C,, with norm less than R, each of the finitely many summands in the
expansion of i, () has norm at most C*||z||, hence the series 3", k', (x) converges. We deduce that
the series ) ;= hﬁr has a nonzero radius of convergence, hence it belongs to Coo(T). O
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Definition 5.4.10. For all ¢ € K, we define &, € Coo(7) as exp, oc o log,.

Remark 5.4.11. For all a € A, &, = ¢,. The map ® : Ko, — Coo(7) sending ¢ to P, is the unique
ring homomorphism which extends ¢ : A — Co(7) such that the k-th coefficient (@) : Koo — Co is
a continuous function for all k£ € Z.

Proposition 5.4.12. Let j1: Koo — Cool[7,771]] be a function with the following properties:
(i) Yk € Z the function sending c to (p.)i is Fg-linear and continuous;
(ii) Va € A,c € Koo, ltac = HePas
(iii) Ya € A, pg = 0;
(iv) YR € R3ng € Z such that for all n > ng, for all ¢ € Koo with ||c|]| < R, (te)n = (Pc)n-

Then, u is uniquely determined; in particular, for any ¢ € K, we have:

pe =3 (657 -ws) ()7

kez

Proof. To prove uniqueness, let’s take two such functions p and p’, and define A := p — p/. For each

element ¢ € K, let s(¢) be an element of least norm such that ¢—s(c) € A. As we already said in the
2g—2
proof of Theorem [5.4.4] ||s(c)|| < qe(L T for all ¢ € K ; using properties (i),(iii), and (iv) with

29—2
R= qe(L c JH), we deduce that there is some integer ng such that, for all n > ng, for all ¢ € K:

()\c)n = ()‘s(c))n + ()‘c—s(c))n = ()‘s(c))n = (:U’s(c))n - (:U’/s(c))n = ((I)s(c))n - ((I)s(c))n =0.

If by contradiction A # 0, there is an element ¢ € K, such that A. has the highest degree; by property
(i), for any a € A\ Fy, Aac = A¢@q, which has a greater degree than \., reaching a contradiction.

Let’s check that . = > ez (Cék) -w¢) (c)7* satisfies the conditions (i)-(iv). The properties (i)
and (iii) are obvious. For property (iv), note that for all ¢ € K

(Pe)r = (exp¢ oco 10g¢)k = Z eicq’lgz’
i+j=k

which is equal to (g;k) : ‘%) (c) for all k& > r-log,(|[c||) +1 by Proposition|5.1.19, Finally, for property

(ii), since (4 is an Anderson eigenvector, for all a € A we have:

rdeg(a) S ®) rdeg(a) b (hmi)
A@a)e= > (¢a)] ¢ " =VheZ: (1@a)y’ = > (da)] ¢
i=0 =0

We deduce that, for all ¢ € K:

rdeg(a)
PePa = (Z (Cék) : w¢) (C)Tk> ( Z (QZ)a)iTi)

keZ =0
rdeg(a) i )
=D ( > @ (¢ wy) (c)) ot
kezZ =0
= Z ((1 ® a)(ék) -wd)) (C)Tk = Z ((ék) -w¢) (ac)Tk = lge- O

kez kez
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Remark 5.4.13. As a function, p. never converges if ¢ ¢ A. For example, for all ¢ € K \ A we can
choose a € A so that ca € A, and we get that peps = plac = 0: since . # 0, this implies that its
radius of convergence is 0.

Definition 5.4.14. For all ¢ € K, we define @, = (®. — pc)* € Coo[[r, 77]).

Proposition 5.4.15. For all ¢ € K, the series &, has a nonzero radius of convergence. More-
over, the map ® : Koo — Coo(T) sending ¢ to ®. is the unique ring homomorphism which extends
¢* : A — Coo(T) such that the k-th coefficient (@)k : Koo = Cx is a continuous function for all
kelZ.

Proof. Uniqueness is obvious: by multiplicativity there is at most one way to extend ¢* to the fraction
field K, and by continuity there is at most one way to extend it to the completion K,. By definition
of ® and pu, each coefficient of d, is a continuous function of c.

For all ¢ € Ko, by Proposition we have (B = (P — pe)*), = 0 for k < 0, hence
&, € Coo[[7]][r1]. On the other hand, for k > 0:

(BT = (i)™ =~ =— (P wp) (= Y 2N,

"y
)\EA¢\{0} )\q

all the numerators of the series belong to the compact space exp(KooAy) = KOOA¢/ Ay and since

Ay C C is discrete all the denominators are bounded from below: this means that the set
{((®e))” " }rs0 is bounded, hence &, € Coo () by Remark For all a € A, for all ¢ € Kt

A

¢, = ((I)a - Na)* = ¢Z§
¢Z © (i)c = ((I)c o ¢a — M © (z)a)* - ((I)ac - Nac)* - (i)aw

which proves that d extends ¢* multiplicatively. O

Remark 5.4.16. For all ¢ € K, we have:
* k
e =Y (G- wi) ()"
keZ

In retrospect, we can express the results of this subsection with the following theorem.

Theorem 5.4.17. Let &,d : Ko, — Coo(T) be the unique ring homomorphisms which extend respec-
tively ¢,¢* : A — Coo(7) and such that their k-th coefficient is a continuous function from K to
Coo for all k € Z. The following identity holds in the Coo[r, T~ t]-module Coo[[7, 771]] for all c € K-

k * 2
Z (C¢ -wé )) (o)7F = @F — ...
kez
This Theorem allows us to partially carry out the computation of the dot products (4 ~w((¢)k), such
as in the following Proposition.

Proposition 5.4.18. For all c € K, with norm less than 1:

) _ cif k=0;
(665 )(C>_{Oif1§k§er—1.
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Proof. For all ¢ € K the lowest degree of d, is —r deg(c), while the highest degree of ®} is 0. In
particular, if ||c|| < 1, i.e. deg(c) < —e, we have:

(®f — e)o = (PF)o=c ifk=0;

(k) * &
. = @ 7@0 = A
(@’ W )(C) (@2 Jk {(q;*_q>c)k:0 if1<k<er—1.

5.5 Explicit computations in some relevant special cases

5.5.1 Application to the case of genus 0 and arbitrary rank

Thanks to Theorem [5.4.17, we can compute efficiently the dot products (4 - wék) in the case of genus 0

and rational point at infinity. In this subsection we suppose X = Péq, and we fix a rational function
0 over X with a simple pole at co. In this case we can write A = Fy[0], Ko = Fy((071)) and
Q = F,[0]do, where d6 : KOO/A — F, sends 0" to §_1, for all n € Z.

Proposition 5.5.1. Let ¢ : Fy[0] — Coo[7] be a Drinfeld module of rank r. We have the following
identities in Coo®S2:

W

01-1®6’

Gpwi) =0 VI<k<r-—1

Proof. By Proposition [5.4.18] for all n > 0 we have:

(k) o) — ~"ifk=0
(G6-”) (07) {Oiflgkgr—l

Since 0" € A for all n > 0, we also have (¢y-w(”) (0") = 0 for all n > 0 and for all k so, if

1<k<r—-1,¢- wék) is identically zero. If instead k = 0 we have the following identity for all
integers n:

(0©1—180)C ws) (0") =0 (Cy-wp(0") = (o - we(8"T) = 01, = dO("),

_ de
hence (g - wy = O21-126) )

We now relate the usual definition of Anderson generating functions to the universal Anderson
eigenvector, by giving a basis-dependent description of the latter.

Lemma 5.5.2. Fiz the A-linear bases {m1,..., 7.} of Ay and {n7,..., 7} of Homy(Ag, A), where
7} (m) = i k. Then, we have:

- i ), J dé : _ .
Wp =)D expy (%) ® 077 db, Co=>.> > 93'3:1 MDA | @ ¢7m.

i=15>0 i=15>0 \ AeAg4\{0}
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Proof. When used as indices, we imply ¢ to vary among the integers between 1 and r, extremes
included, and j to vary among the nonnegative integers. The chosen bases induce an isomorphism
Homa(Ay, Q) =2 @,; Adfn;. The Fg-linear basis {#7dfn;};; of Homa(Ag, ) induces a dual basis

{67771}, ; of Homa(Ay, Q) KOOAWA(b. Similarly, the Fy-linear basis {6m;}; ;j of Ay: induces the

dual basis {67771d0r}}; j of A¢ ~ Koo Homa (A, Q)/HomA(Aqs, Q) This proves the lemma, by virtue
of Remark [2:2.13| and the proof of Theorem [5.2.10] O

Definition 5.5.3. For i = 1,...,r we define the i-th Anderson generating function as:
Ty ; A
j=>0
Similarly, for ¢ = 1,...,r we define the i-th dual Anderson generating function as:

dor: .
Coi =D > G AT @87 € CoubA.
720 \ xeA, \{0}

Remark 5.5.4. For all integers 1 <i < r, wy; and (4 ; are the unique elements in Coo®A such that
the identities (1@ m;)(we) = we,df and (1 ®@7F)((p) = (s hold (in Cou® and Coo®A, respectively).

Definition 5.5.5. Let’s define wy = (wéi;l))i,j € Mat,«,(Coo®A). We call it the rigid analitic
trivialization of the t-motive attached to ¢.

The previous matrix has been studied in various articles (see for example [Pel08|[Section 4.2],
[KP23], [GP19]). We can use it to state the following Theorem.

Theorem 5.5.6. The product of ¢, € Mat]x;(Coo®A) and wy € Mat,»(Coo®A) is the vector

waitge; - (1,0, 0) € Maty o (Coo®A).

Proof. Note that we have interpreted (, as (Cp;)i € Matixr(Coo®A). If we multiply by d6 € Q the
j-th coordinate of the product, we get:

T ) r (G-1) r 4
-Z; i idl = (ZE wd}’m:de) . <Z; %m) =wgi V-G,

which is m if 7 = 1 by Proposition and 0 otherwise by Proposition [5.4.18 O

Remark 5.5.7. It’s a well known result that the determinant of the matrix wy is nonzero (see for
example [GP19|[Prop. 6.2.4]), so by the previous theorem we can recover (, from wg.

5.5.2 Application to the case of hyperelliptic curves

In the case of rank 1 normalized Drinfeld modules, Theorem can be used to express the rational
form (4w in terms of the Drinfeld divisor. While Theorem in principle, completely describes
the form (- wg, it’s not as explicit a result for arbitrary curves.

In this subsection we restrict ourselves to the case of a hyperelliptic curve X with hyperelliptic
divisor 200 and a Drinfeld module ¢ of rank 1. We use the results of the previous sections to recover
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an expression for the scalar product (4 - wg and for the shtuka function fy in terms of the coefficients
of ¢.

A curve X of genus ¢ is hyperelliptic if and only if there is a divisor D of degree 2, called
hyperelliptic divisor, such that dimg (H%(X, D)) = 2. If we assume D = 200, there is a rational
function x € A of degree 2. Let’s denote by y an element of A with the smallest odd degree.

Remark 5.5.8. An F-linear basis of A is By := {z%, 2'y};>0. In particular, the only positive integers
that are not degrees of elements in A are the odd positive integers smaller than deg(y); by Riemann—
Roch’s theorem, this set has cardinality g, hence deg(y) = 2¢g + 1. Expanding y? in terms of the basis
By, we deduce that there are polynomials P, @ € F,[t] such that y?> = Q(z)y + P(z), where P has
degree 2g + 1 and @ has degree at most g.

If the characteristic of the base field is odd, we can also assume @Q(z) = 0 using the coordinate
change y — y + %
Remark 5.5.9. Every element of KOO/ ‘4 can be represented by an element of K, with degree either
negative or equal to an odd positive number smaller than 2g + 1. We deduce that the image of
B = {ym‘i_l,x_i_l}izo in KOO/ "y is a set of linearly independent elements which spans a dense

subset of KOO/ A
Proposition 5.5.10. If we define v € Q = Homf:‘;”t (KOO/ ,Fq) as the function sending yz=' to 1
and all the other elements of B to 0, we get that ) = Av.
Proof. For all j > 0, for all ¢ € K, (z/v)(c) = v(z/c), which is 1 when ¢ = yz=/~! and 0 on all the
other elements of B.

Similarly, For all j > 0, for all ¢ € Ko, ((y — Q(x))2/v)(c) = v((y — Q(z))x’c). If c = 2~ 177 for
some ¢ > 0 we have:

(y — Qx))x'v)(c) = v(yz! 1) — v(Q(x)z? 1) = v(yx’~171) = 8ji-
If ¢ = yz~ '~ for some i > 0 we have:
((y = Q@)zv)(e) = v((y* = Qa)y)a? ) = w(P(z)a? 1) =0

In particular, the elements {(y — Q(x))z'v, z'v};>0 C Q = Homp, (KOO/A, Fq) are independent,

and since B spans a dense subset of KOO/ ), they also generate all of €. O

Lemma 5.5.11. Denote by (KOO/A)< L, C KOO/A the subspace of the elements with norm less than
q

q 2, and call C the cokernel of this inclusion. Then, the images of {yz~"1}o<i<,U{z ™1} form a basis
of C, and the set {x'v}o<i<g U{(y — Q(x))v} is the corresponding dual basis of Homg (C,Fq) C Q.

%

Proof. On one hand, the images of {yz ™" !}o<;<,U{z~!} span C because they are the only elements
of B that are not sent to 0 under the induced map K, — C. On the other hand, deg(yz~""!) =
2(g — i) — 1 for all 0 < i < g, and deg(z~1) = —2, hence their images are F,-linearly independent in
C.

Note that the image of {yz=/~179, x_j_l}jzl in KOO/A spans a dense subset of (KOO/A) - For
all 0 <i < g, forall j > 1 we get:
) (yrI719) = v(y2' i) =0 because i —j — 1 —g < —2
) (279 = (27 =0

¥~ Q)W) (yaI179) = p(P(a)aI-9) = 0
¥~ Q@) (E") = v(yr)) ~ (Qx)a ) =0 because —j — 1 < ~2
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so {z'v}o<i<g U {yr} € Homg, (C,F,). On the other hand, we have the following identities: for all
0<i<gandforallo<j<g:

(@V)(yz ) = vy =6 (v = Q)w)(yr ™) = v(P(x)x™ ™) = 0;
(@'v)(z™h) = v(@'™) = 0; ((y = Q@)v)(a™h) = v(ya™") —v(Q(z)a™") = 1.
This proves that {z'v}o<i<, U {(y — Q(z))v} is the dual basis of {yz =" }o<;<, U {z 71} O

By Theorem we have the following identity for all ¢ € K and for all i € Z:
(Co- i) () = ((¢e)* = (&)

where [(C¢ . wg)) is considered as a continuous homomorphism from KOO/ ‘A to Coo. In particular, for
all ¢ € K with degree less than —i:

(6o-5”) ) {01f¢>0.

Moreover, for all 0 < ¢ < g we have:
(Go-wodya™) =ya™" = (6,1, 5
(C¢ . wé )) (ym ) = — ((;Syx_i)l .

Theorem 5.5.12. We have the following identities for the dot product (y-wy and the shtuka function
fo:

1

—O0(z)) ¢
ngs‘%:(y®1+1<§<>(y Q( ))—Z

I®1-10z i 0<¢;x¢1)0®xi> 1®v)
(r®1-1®x) _Z?:() (d);;x*i*l)l ® xl)
Jo =

Cyel+ley-Q@) - (el-1ex) (S5 (6], 1), © )

Proof. For all ¢ € Ky of norm less than 1, (¢ - wg)(c) = c. In particular, for all ¢ € (KOO/A) <2 Ve
have:
(®1-10z)(C w)(c) =z(C - we)(c) — (Cp - wy)(xc) = 0.
In particular, by Lemma (2®1—-1®x)((-wy) is completely determined by its evaluation at
{yz="1}o<i<,U{z 71} as a function from KOO/A t0 Coo. Since ((p-wy)(ya™") =ya ' — ((¢5) "o (bZ)O
for all 0 <1 < g, we can compute the following evaluations:
(@1 -10x)(C we)(yz™ 1) = 2(Cy-we)(yz™ 1) = (Cp - wy) (yz ™)
= (G- = 20-i1)
(@1 -102)(C - we)@h) =2(C-wg) (™) = (G- wo)(1) = 15
1 —i— *
(Go-w”) 077 = = (9--0),
<C¢ : wél)) (z71) =0.
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By Lemma [5.5.11] and using that qbzx_g_l has degree 1 in 7, we deduce the following identities:

g

(2®1-1®x)(( wy) = (Z (¢Zx—i - x¢;x_i_1)0 ' +1® (y— Q(x))) (1®v)

=0

g—1 g—1
= <(¢;;)0 ®1+ ZO (6i), @2 =3 (06), 1), @0 +18 (y— Q(x))) (1®v)

1=0

g—1
= <(1®x—az®1) <Z (qbe—i_l)O@xi) +y®1+1®(y—Q(w))> 1ev)
1=0
(zol-101) (¢ w)
(z®1-102)(Cswy)
(x ®R1-1® x) (— ?:0 (¢Zm_i—1)1 & xz)

TyelH1eW-Qk) - (el-192) () (6], ), @)

Jo =

5.5.3 Comparison with known results in the case of elliptic curves

The computations can be directly compared to the results of Green and Papanikolas, who tackled
the particular case of an elliptic curve in [GP18]. They assumed ¢ to be normalized and the period
lattice Ay to be isomorphic to A, and they set:

$o =z + 1T + T by =y + T +yer? + 70
They proved the following identities (see [GP18|[Thm. 7.1, Eqq. 18,26,27]):
1ey-yel—(p-hel)(ler—z1)

T 1@r—2911+ (1 —21(y2 —2f)) @1
_ @ -yt -a)iwl-10
C¢ cWe = f .
¢
Let’s compare these results with Theorem [5.5.12] First, we need to compute the coefficients (qbzz,l)o,
(qb;x_l)l, (qbzx_g)l. Starting from the definition of ¢ and ¢; we can explicitly compute the first 3
terms of (Z)Zw*l using the identity qﬁ;qﬁzx,l = ¢y
o =124 x(ll_lT_l +x
—2 —1
Gy=T 7 Fyi T4yl Tty
— 2 2
Opot =7 (2 — o) + (o — 2yl — 2T +af T+
* * 2 2 . — .
hence (¢yx—1)0 = yo — x{ and (¢yx_1)1 =y — 2lyd — 27 + 24 *4. Since deg(yz—2) = —1, and since

¢ is normalized, we have ¢Zx_2 € 7+ Coo[[7]]72, hence (qﬁ;z_g)l = 1. By Theorem |5.5.12, we have:

g ) 5
(Corwolfo = (o) = =3 (Bp-in) @' = (o] — 2l — 2" +o{ @14 100),
i=0

which agrees with Green and Papanikolas’ formula for (4 - wg.
Remark 5.5.13. In retrospect, since the computations do not take into account the A-module

structure of Ay, it turns out that the formulas found by Green and Papanikolas hold without the
assumption Ay = A.
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Chapter 6

Approach to a generalization for
abelian Anderson A-modules

One of the purposes of this last chapter is to draw some comparisons between the theory developed
in this thesis and the article [HJ20] by Hartl and Juschka, where they explore the relation between
Anderson motives and dual Anderson motives (whose field of definition is assumed to be Cy,). Fur-
thermore, we formulate several conjectural generalizations for the theorems proven in this thesis to
uniformizable abelian Anderson A-modules. Finally, some of these generalizations are proven in the
special case of the tensor power of the Carlitz module.

6.1 Anderson A-motives

For all f € Ac,, = Cx ®F, A, denote by f®) the image of f under the Frobenius twist. We define

Ac_.[7] as the noncommutative Ac_ -algebra generated by 7 with the relation 7- f = f M) . 7 for all
fe Acoo.

Definition 6.1.1. Let M be a left Ac__[r]-module with the following properties:

e M is projective of finite rank as an Ac_ -module;

o for all a € A there is some positive integer n such that (a®1—-1®a)"-M C7- M.
Then, M is called an effective Anderson A-motive.

Effective Anderson F,[t]-motives were originally called "t-motives", and were introduced by An-
derson in his seminal paper |[And86|, under the hypothesis A = F[t], to answer some open questions,
for example about the uniformizability of Anderson A-modules.

Our naming convention follows the comprehensive work of Hartl and Juschka ([HJ20]), whose
definition of Anderson A-motives is slightly more general ([HJ20]|[Def. 2.3.1]), but superfluous for the
sake of this chapter.

The most important feature of Anderson A-motives is that they seem to play the same role as
Grothendieck motives for algebraic varieties—which are meant to work as a “universal cohomology
theory"—while being concrete, as they form an explicit subcategory of the category of projective
Ac_ -modules. For example, while there is no generally accepted construction of a Q-linear category
of mixed Grothendieck motives, and its existence is entirely conjectural, the category of mixed A-
motives is explicit and well understood (see for example [HJ20][Section 2.3]).
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Interestingly, while the Hodge conjecture is a longstanding open problem in the context of complex
varieties, the analogue of the Hodge conjecture has been proven to hold by Pink and Hartl for the
category of mixed uniformizable A-motives (see [HJ20]).

Definition 6.1.2. Let N be a right Ac_ [r]-module with the following properties:

o N is projective of finite rank as an Ac_ -module;

o for all a € A there is some positive integer n such that N- (a®1—-1®a)" C N - 7.
Then, N is called an effective dual Anderson A-motive.

Effective dual F,[t]-motives were first introduced in [ABP04] (where they were called "dual ¢-
motives"), and were used to give a theoretical framework for a well-known linear independence crite-
rion over function fields (JABP04][Thm. 1.3.2]).

With the following definitions we establish a link between Anderson A-modules and (dual) A-
motives. Given two affine F-module schemes G, G’ over C, let’s denote by Homf, c . (G,G") the
set of morphisms from G to G’.

Remark 6.1.3. Note that Homg,c (G4, Gs) = Coo[7]. On one hand, C[7] acts by post-composition
on Homg, c  (F,G,); on the other hand, A acts by pre-composition via ¢. The two actions endow
Homp, c.. (E,Gy) with a natural structure of left Ac_ [7]-module.

Similarly, Homg, c., (Gs, E) can be endowed with a natural structure of right Ac_, [7]-module.

e}

Definition 6.1.4. Let E = (E, ¢) be an Anderson A-module and suppose that Homg c_ (F,G,) is
an effective A-motive. In that case, E is said to be abelian, and we denote its associated A-motive
Hompg, ¢ (E,Gq) as M(E).

Definition 6.1.5. Let E = (E, ¢) be an Anderson A-module and suppose that Homfg c_ (G4, E) is
an effective dual A-motive. In that case, £ is said to be A-finite, and we denote its associated dual
A-motive Homp, c, (Gq, E) as N(E).

The correspondence E — M (E) is an antiequivalence between the category of abelian Anderson A-
modules and that of effective A-motives ([Gos9§|[Thm. 5.4.11]). In the preprint [Mau24], Maurischat
proved that an Anderson A-module E is abelian if and only if it is A-finite.

6.2 Link with the Hartl-Juschka pairing

Let E be an abelian Anderson A-module, and denote by 7M (E) as the image of the endomorphism
T : M(E) — M(E); we can also think of it as the pullback of the Ac__-module M(E) along the
Frobenius twist -() : Ac,, — Ac.-

Let N(E) denote the finite projective Ac__-module Homa._(TM(E),c,, ); we can endow it with
a structure of right Ac__[r]-module by setting f - 7 as the map sending m € TM(E) to f(r -m)(-D
for all f € N(E).

In their paper [HJ20], Hartl and Juschka proved the following isomorphism.

Theorem 6.2.1 ([HJ20|[Thm. 2.5.13]). Let E be an abelian and A-finite Anderson A-module.
There is a natural isomorphism of right Ac_[t]-modules between N(E) and N(E).
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In this section, using the dot product defined in Lemma [5.4.1] we give an alternative proof of this
theorem as Theorem [6.2.7] in the special case of a Drinfeld module.

In the same generality, we also partially answer the following question by Hartl and Juschka,
which they only tackled for F,[t]-Drinfeld modules.

Question ([HJ20][2.5.15]). If E is an abelian and A-finite Anderson A-module, the isomorphism
from Theorem [6.2.1] defines a perfect pairing of Ac_ -modules

HJ:N(E)®ac, TM(E) — Qc.,.
Is it possible to give a direct description of this pairing?

With Theorem [6.2.7, we argue that, when E is a Drinfeld module, Hartl and Juschka’s perfect
pairing is induced by the dot product defined in Subsection [5.4.1

6.2.1 The case of Drinfeld A-modules

Let E = (Gg, ¢) be a Drinfeld A-module, so that E is abelian (and A-finite) and we can canonically
identify the A-motive M (E) with Co[7| and 7M(E) with 7C[7].

Proposition 6.2.2. Let E = (G4, ¢) be a Drinfeld A-module. There is a natural immersion of left

Ac_ [t]-modules from M(E) to Coo®Ay which induces an isomorphism between M(E) =
M(E) ®4c_ (Coo®A) and Co® Homa(Ag, Q).

Proof. The natural map of left Ac_ [r]-modules
M(E) = Homg, ¢, (E,Ga) = Homg™ (expy(KooAp), Coo) = Coo® Homa(Ag, ©2)

sends a polynomial f to the restriction of the associated continuous function f(Cs) : E(Co) — Coo
to expy(Koolg) € E(Coo).

Let’s prove that the induced map from M(E) to Co® Hom A(Ag, ) is bijective, starting with
injectivity; since M (E) is a flat Ac_-module, this also proves that the map M(E) — M(E) —
Coo® Hom(Ag, ) is an immersion.

First note that, for any t € A\F,, M(E) = M(E) ®c_ ] Coo®F|t], hence any element f € M(E)
can be written in a unique way as Z’;& (ano Cin ® t”) -7t where r is the degree of ¢; in 7. Suppose
that its image f(Cx) € Hom‘,éznt(exp¢(KooA¢), Cxo) is identically zero. Fix some integer m > 1: for
all z € ker(¢ym) C expy(KwoAg) we have

r—1 /r—1
0= f(Coo)(z) =) (Z cz-,miczstn) (z),

=0 =0

and since # ker(¢ym) = ¢"™" and the polynomial on the right hand side has degree less than ¢™",
it must be identically zero. Since the polynomials {7?¢s} all have different degrees, they are Coo-
linearly independent, hence ¢;, =0 for alli =0,...,7r —1and all n =0,...,m — 1. Finally, since m
is arbitrary, we deduce that f = 0.

Let’s prove surjectivity. Pick some f : exp,(KooAg) — Fy and call V' = ker(f); fix some a € A
such that V Nker ¢, C ker ¢, and define V,, := V Nker ¢pyn for all n > 1: we know that V,, C ker ¢gn

has codimension 1. Denote by r the degree in 7 of ¢, and pick some xy € ker ¢, of maximal norm
such that f(xg) = 1. For all n > 1, we define p,, € Co[7] as the unique additive polynomial of degree
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nr — 1 such that p,|y, = 0 and p,(z9) = 1: in particular, (1 — 7)pn|ker ¢,» = 0, hence there is some
ay € Co such that (1 — 7)p, = ap@gen. Since p,(xg) = 1, the leading term of py, is [[,cy; (o — x)~ L

On the other hand, the leading term of ¢4n is a” - [[,cper $an \{0} 1. Since V}, is an F4-vector space,
we have:

M == I =)0 How-o)=-( I = (H(xo_@)ql.

z€ker(¢a)\{0} 2V \{0} YEFX TEVn 2V, \{0} zeVy,

By comparing the leading terms in the identity (1 — 7)p, = apPan, we get that:

—q(q—1) a-1
a?{l —q (@Dn ( H (zo — a:)) H T

xEVn z€ker p,n\{0}
q —1
=g (e bn H x H x
zeV,\{0} x€ker pon \{0}

Fori =1,...,rn choose recursively y; € ker ¢qn\Spang_({y;};<i) as an element of maximum norm,
and set r; == ||y;||; since x is an element of maximum norm in ker ¢4» \ V,,, and since V,, C ker ¢4n
has codimension 1, we can assume without loss of generality that y, = zo for some k and that y; € V
for all 4 # k; also, for n > 0 we can assume that k does not depend on n. For all i = 1,...,rn the

elements in W; := Spang_({y;};>:) \ Spang,_({y;};>:) all have norm r;, and we have:

qrn—i _ qrn—l—i ifi <k

Wi =g —¢™ " and #(WiNV,) = . .
# q q #( ) {qrn—i-l—z _ qrn—z ifi>k

We deduce the following identity for n > 0:

f((n ) (o) ) =) ()

k—1 ) L rn 1o ) q rn 1 . -1
_ qrnfliqrnf —1 q'rn 77,7an77, q'rn *’Liq’l"ﬂ*’b
= I | T I I T I | T

. rn—1 ri+1 rn+1—i_qrn—i . )
— et q —-q —-q
=Trn ( ) STt S Tk

—_ )
ik T

loma™ |7~ =

which is constant; in particular, a, tends to 0. For all n > 1, we define ¢, = 3;(gn)i7* € Coo[7] as the
unique polynomial such that p, 1 — pn = ¢n¢an, which is well defined because p,+1 — Pnlker gyn = 0,
and has degree in 7 equal to r — 1; we also set qp := p;. For all n > 2 we have:

(1 - T)Qn¢a” = (1 - T)anrl - (1 - T)pn = Qui1Qgnt1 — QpQPan = (an+1¢a - an)¢a”a
hence (1—7)qn, = Qpt10a— Q. Since a;, tends to 0, the maximum M, of the norms of the coefficients

on the right hand side tends to 0. We have ||(gn)o|| < M, and for all i > 0 [|(gn)i+1 — (gn){]| < My,
hence if M,, < 1 we deduce that ||(g,)i|| < M, for all i.
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We have deduced that 3, ~y(qn); ® a” is a well defined element of Coo®Aforalli=0,...,r—1,
hence we can define

r—1
5 (zm @an> ¢ TITE)

=0 \n>0

with image g € Homc‘mt(exp¢(KooA¢), Cwo). For any z in the domain, we have:

Z Z Qn iT d’a" Z dn © (z)a” = pl(x) + Z(pn-‘rl _pn)('r) = liyllnpn(l').

i n>0 n>0 n>1

We claim that g(z) = f. On one hand, g(z¢) = 1; on the other hand, we need to prove that
gly = 0. Since U,>1 ker ¢pgn is dense in expy(KwAg), it suffices to show that g(z) = 0 for all
z € VNU,> ker gpgn = U,>1 Vo In this case, z € V,,, for some m > 1, hence p,(z) =0 for all n > m
and g(z) = lim,, p,(x) = 0.

Since f was arbitrary, the image of the map M (E) — Co.& Homy4 (Ag, ) contains the set of maps
Homcont(exp¢(K Ay),Fy) = Homa(Ag, ) € Coo® Homy(Ag, ©2), and since the map is Coo & A-linear,
it is surjective.

O

Remark 6.2.3. By the definition of the universal Anderson eigenvector wy € Coo® Homa (A, ),
the image of 7% under the immersion M (E) < Coo® Hom4(Ay, Q) is (7° @ 1wy = wg)

Remark 6.2.4. For alla € A\Fg, (a®1—-1®a)M(E) C 7M(E); in particular, since (a®1—-1®a)
is invertible in Coo®A, which is a flat extension of Ac_, the inclusion 7M(E) C M(E) induces a
natural isomorphism of left Ac__[r]-modules TM(E) = M(E) = Co® Homa(Ay, Q).

The dual A-motive N(E) can be canonically identified with the right Ac__[7]-module C.[771],
where h € Coo[7] acts by composition on the left with h*, and a € A acts by composition on the right
with ¢*. Equivalently, N(E) can be endowed with the structure of left Ac__[r~!]-module.

Proposition 6.2.5. Let E = (G, ¢) be a Drinfeld A-module. There is a natural immersion of right
Ac_ [t]-modules from N(E) to Co®Ay which induces an isomorphism between N(E) =
N(E) ®4c,. (Coo®A) and Coo®Ay.

Proof. By Corollary we have a natural map of right Ac__[7]-modules

N(E) =Homg, ¢ (Ga, E(Cso)) = @) Homy(Coo, E(Cos)) = @) Hom_4(E(Cos)”, Co)
k>0 k>0

— Homcont(E(Coo)v, Co) — Homﬁ?}"t(ker(expz}), Coo) = Coo®Ay,

sending f = Y, ¢;7~" € N(E) to the restriction to ker(exp;) € E(Cx)" of the associated function
E(Cx)Y — Cx

Let’s prove that the induced map from N ( ) to COO®A¢ is bijective, starting with injectivity;
since N(E) is a flat Ac__-module, this also proves that the map N(E) < N(E) — Cx®Ay is an
immersion.

First note that, for any t € A\ F,, N(E) = N(E) ®c_ 1] Coo®F4[t], hence any element f € N(E)

—1

can be written in a unique way as Zg;ol (ano Cin ® t") - 77 where r is the degree of ¢; in 7.
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Suppose that its image f(C) € Homcom(ker(expz)), Cwo) is identically zero. Fix some integer m > 1:
for all x € ker(¢jm) C ker(expj) we have

r—1
0= f(Cx) Z <Z Ci nT_Zgbt") ),

=0
and since # ker(¢jn) = ¢™ and the ¢™ ~!-th power of the function on the right hand side is a
polynomial of degree less than ¢™", it must be identically zero as an element of Co,[77!]. Since the
elements {77'¢}.} C Co[77!] all have different degrees, they are Coo-linearly independent, hence
cin=0foralli=0,...,r—1and alln=0,...,m — 1. Finally, since m is arbitrary, we deduce that
f=0.

Let’s prove surjectivity. Pick some f : ker(exp}) — Fy and call V' := ker(f); fix some a € A such
that V Nker ¢} C ker ¢ and define V;, .=V Nker¢}n for all n > 1: we know that V,, C ker ¢}, has
codimension 1. Denote by r the degree in 7 of ¢, and pick some z( € ker ¢ of maximal norm such
that f(zp) = 1. For all n > 1, we define p,, € C[7]| as the unique additive polynomial of degree
nr — 1 such that p,|y, = 0 and p,(x¢) = 1: in particular, (1 — 7)pp|kerg*, = 0, so there is some
ay, € Coo such that the polynomials (1 — 7)p, and 7"y, @kn coincide. Since Dn (:1:0) = 1 the leading
term of py, is [[,ey, (2o — #)~'. On the other hand, the leading term of 77"¢%. is a"?". Since V;, is
an Fg-vector space, we have:

II == 1I I 62— =—<H<xo—x>>q_1.

zeker(¢%,)\Va YEF L TEVn 2V,

By comparing the leading terms in the identity (1 — 7)p, = 7", ¢in, we get that:

1—-rn
_qlfrn s
ap=a " ( H (zo — CC)) =—a" H x
zeVn z€ker (¢, )\Va

Fori=1,...,rn choose recursively y; € ker ¢3n\Spang,_ ({y;};<i) as an element of maximum norm,
and set 7; == ||y;||; since z¢ is an element of maximum norm in ker ¢}, \ V;,, and since V,, C ker ¢gn
has codimension 1, we can assume without loss of generality that y; = zg for some k and that y; € V'
for all i # k; also, for n > 0 we can assume that k does not depend on n. For all i = 1,...,rn the

elements in W; := Spang_({y;};>:) \ Spang,_({y;};>:) all have norm r;, and we have:

qrn—i _ qrn—l—i ifi <k
qrn—i-l—i o qrn—i ifi>k

7

#Wz — qrnJrlfi o qrnfi and #(Wz N Vn) — {

in particular, W; = W; NV, for i > k. We deduce the following identity for n > 0:

f(( ) () ) - () )

-1 B
= ﬁ ( H T’i> ( H Ti) — rqum—k(qfl) k:le'qun—l—i(qil)Q

i=1 zeW;NV,, zeW; i=1

||ananH(qfl)q’“"‘1 —

k—1 )
= flawa"| =" [,

%
=1



6.2. LINK WITH THE HARTL-JUSCHKA PAIRING 99

which is constant; in particular, a, tends to 0. For all n > 1, we define ¢, = > ;(qn)i7" €
Cwo[7] as the unique polynomial such that p,+1 — 7"pp = ¢7""¢n, which is well defined because
Prnt1 — T Pnlker ¢t =0, and has degree in 7 equal to r — 1; we also set gy := p1. For all n > 2 we have:

(1 =7)gn " in = (1 = T)ppt1 — (1 — 7)7"pp,
r(n+1)an+1¢zn+l - TTTrnOén(ﬁZn

r(n+1) (105 — an)dyn,

=T

=T

hence (1 — 7)g, 7" = TT(”H)(aanﬁz — ). Since ay, tends to 0, the maximum M, of the norms
of the coefficients on the right hand side tends to 0. We have ||(gn)o|| < M, and for all i > 0
1(gn)it1 — (gn)?|| < My, hence if M,, <1 we deduce that ||(g,)i|| < M, for all i.

We have deduced that 3, (qn)gl_r ®a™ is a well defined element of Coo®A for alli =0,...,r—1,
hence we can define

i(Xi ®“>”W”€Nw>

with image g € Homc‘mt(ker(expé)7 Cwo). For any x in the domain, we have:

1 r(n+1)
zz% gt (@) = Y 7T D g o g ()

=0 n>0 n>0

n>1

We claim that g(z) = f. On one hand, g(xg) = 1; on the other hand, we need to prove that gy = 0.
Since U,>j ker¢y» is dense in ker(expy), it suffices to show that g(z) = 0 for all
r € VNU,> ker ¢gn = U,>; Vn. In this case, x € V,,, for some m > 1, hence p,(x) = 0 for all
n > m and g(z) = lim, (7'""p,)(z) = 0.

Since f was arbitrary, the image of the map N(E) — Coo®Ay contains the set of continuous
Fg-linear maps Homcom(ker(exp:;),Fq) = Ay C COO®A¢, and since the map is Coo®A-linear, it is
surJectlve ]

Remark 6.2.6. By the definition of the universal dual Anderson eigenvector (s € Coo®A4, the image
of 77" under the immersion N(E) < Coo®Ay is (177 ® 1)(y = (d()_z)

Theorem 6.2.7. Let E = (Gg, ¢) be a Drinfeld A-module. Under the natural immersions of Ac..-
modules TM(E) C Coo®Homa(Ay, Q) and N(E) C Coo®Ay, the Coo-linear map © : N(E) — N(E)
sending ¢ to the map w — ¢ - w is an isomorphism of dual A-motives.

Proof. We simply need to show that © is an isomorphism of right Ac_ [r]-modules. Let’s first prove

that © is well defined: we can write any ( € N(E) and any w E TM(E) as finite sums >~ cjc(gfj)
and >7;5qd diw( Y respectively, hence O(¢)(w) = >2;,;5¢ cjdiC¢ ((;+1)7 which belongs to Qc_, by

Theorem
By Lemma the dot product is Ac__-linear, hence so is ©. Let’s check that © commutes
with the right action of 7. Recall that for all j > 0 C(E;J) ST = {é;]*l) and that for all f € N(E) =
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Homa._ (7Cx[7],Q2c,,) we have (f -7)(m) = (f(7- m))=Y. For all j,i > 0 we have:

. i i o . i (_)
OG- M) = BeST W) = (W = (7w )
= (¢S ™) T = (8¢S 1) (i),

If we tensor © : N(E) — Homyu._ (TM(E),Qc,,) by Ccc®A we get the morphism

© : Co®Ay = N(E) — Homya._ (TM(E),Qc,,) = Homa,_(TM(E), Co0®9)
= Homcoo®A(7'M(E), COO®Q) &~ Homcoo@A(Coo@ Hom(Ag, ), COO®Q),

sending an element ¢ to the map sending w € Coo® Hom4(Ay, ) to ¢ - w; in particular, © is an iso-
morphism. Since the maps N(E) — N(E) and Homa._(TM(E),Qc,,) — Homu._(TM(E),c.,)
are injective, and O is an isomorphism, we deduce that © is injective.

We claim that the action of 7 on coker(©) is invertible. Let s fix an Ac_-linear function
f:TM(E) — Qc,, such that f -7 = ©(() for some ( =37, CJC¢ € N(E): we want to prove that
co = 0, so that f is also in the image of ©. Fix any a € A\ Fy, and write ¢ —a = 34> apT®. We
have:

(1oa—a?@l)w)) =1 (1©a)ws — (a® wy) =7 <Z(ak ®1) g“) =3 (g} ® N

k>1 k>1

> Jwd) =1l @a—at@ 1)l (sz @ 1>wé’“*”> -

k>1

(1)
—(1®a—-al®1) ! ((f - T) (Z(ak ® 1>w<§ﬁk)>>

k>1

(1)
~(1@a—a'®1)"! (Zm ® 1><-wé’“>

k>1
=D . ((1 Ra—al®1)"! (Z(ak ® w (’““)))
E>1
(1)
=(C- w¢ <Z CJC¢ ) .
j>0

Since Céfj) wg € Qc,, for all j > 0, and since (4 - wy & Qc.., we have ¢y = 0.

Let’s denote by Assa.__(coker(©)) the set of associated primes of coker(©), i.e. the set of prime
ideals p < Ac,, such that there is z € coker(©) with annihilator Anns._(x) = p. Since 7: C — C
is bijective, for all z € C' Anna._(z-7) = Annac__ ()M, hence Assac__ (coker(©)) is closed under
Frobenius twist; on the other hand, since Ac__ is noetherian and coker(©) is a finitely generated Ac_ -
module, Assa._ (coker(©)) is finite. We deduce that there is some positive integer k such that for all
p € Assac__ (coker(©)) p(k) = p, i.e. pis the extension of some ideal in A e For any such prime p, the

associated map AFqk — qk/p N Ag  can be extended continuously to Coo®A, hence the extended
qk

~Y

ideal (Coo®A)p is proper. In particular, since Coo®A is a flat extension of Ac_, Assc_ g 4(coker(0)) =
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Assac__ (coker(©)); since coker(0) = coker(0) = 0, we deduce Ass . (coker(©)) = 0, hence coker(©)
has no torsion. On the other hand, since N(E) and N(E) are both projective Ac_-modules of the
same rank, and since © is injective, coker(0) is a torsion Ac_ -module, which means it is 0. O

Remark 6.2.8. Since N(E) is a right Coo[r]-module of rank 1, © : N(E) — N(E) coincides with
the isomorphism described by Hartl and Juschka up to a scalar factor in C

In particular, the computation of the Hartl-Juschka pairing HJ becomes the same problem as
the computation of the dot products Cé_] ). wgﬂ), which is tackled in Section

In the case of a Drinfeld F,[t]-module we can check by direct computation that the morphism of
dual t-motives © defined in Theorem [6.2.7]is the same as the one defined by Hartl and Juschka.
Let’s start with the explicit computation by Hartl and Juschka.

Proposition 6.2.9 ([HJ20][Ex. 2.5.16]). Let E = (Gq,¢) be a Drinfeld F[t]-module of rank r, with

=Y tim". Let {oj}o<ij<r € CLX" be the matriz with entries oy ; = —t?;;ﬂ, which is invertible,
and let {/627J}0§Z7]<7- € CLX" be its inverse. Then for all 0 < i,j < r, the following identity holds:

HJ(T_j & Ti_‘—l) = ﬁiyjdt.
We can now prove the following theorem.

Theorem 6.2.10. Let E = (G, ¢) be a Drinfeld Fy[t]-module. The following identity holds in Qc.__
foralli,j > 0:
HJ(r7 @7t = Cé;]) : wgﬂ).

Proof. By Remarks |6.2.3 and [6.2.6] we can identify 7M(£) = Spanc_ {wd) )}120 and N(E) =

Spanc__ {C((b_] )}3207 hence we need to prove that the dot product coincides with the Hartl-Juschka
pairing.

If we call r the rank of ¢, the set {7i"1}o<;<, generates 7M(E) as an Ac_-module, and the set
{r(=9) }o<j<r generates N(E) as an Ac_-module; since both the Hartl-Juschka pairing and the dot
product are Ac_ -linear, it suffices to prove the statement for all 0 <i,j5 <.

By Proposition we need the following identity to hold in Q¢ C Coo®S for all 0 < i, j < r:

r—1

Z(tk—i-i—H ® l)q_k (Céfj) ~w((;+1)) = 0y ;dt.
i=0
If £ > j, we have:
r—1 r—1 '
D (ks ® )T (C( 7 ZH)) Z (thriv1 @ )T (C( 7. <(¢>Z+1))
=0 =r—k
—1—k

e .
+ (thtit1 ® 1)1 (Cé 2 -wgﬂ)) =0,
i=0
where the ﬁrst sum is 0 because t; = 0 if [ > r, and the second sum is 0 because, by Proposition

5.5.1} <¢ ZH) <C¢ . wéfﬂﬂ))(ﬁ) =0if 0 <i+j+ 1< r, which is true because i,j > 0 and
7J+1§’I“7k‘<’l“7j.
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Since wy is a Anderson eigenvector, the identity ;(t; ® 1)w§)l) = wy(1 ® t) holds, hence if £ < j
we have:

r—1 (k) rtk r

—k [ (=§) k—j i k—j i
(Z@kw@l)q (¢ ”-w;“))) ¢S e =Y e
0 i=k+1 i=k+1

. . k .
—(19t—t® 1)4(;’“‘” Wy — Cg"’_” D@ 1)%(;)
=1

_ ak » »
:(1 Qt—t® 1) (C¢ . w(;]—k))(k 7) _ Z(tl ® 1) (Cqﬁ ,w((;+J—k))(k J).
=1

By Proposition [5.5.1} since 0 < i+ j —k < j < r, the sum on the right hand side is 0, while

. k—
Ql®t—t®1) (4¢.w§f*’“>)( D s 0if k < j and —dt if k = j. =

6.2.2 The case of Anderson A-modules

Finally, in Question [6.2.11] we point to a possible generalization of Theorem [6.2.7]in the hypothesis of
a uniformizable abelian (and A-finite) Anderson A-module E. Since E is uniformizable, we have the
following natural isomorphism of Ac_-modules (cf. [HJ20|[Def. 2.4.14, Prop. 2.4.17, Thm. 2.5.32]):

TM(E) ®ac, (Co®A) = M(E) @4 (Coo®A) = Coo@Ay. (6.1)

In [HJ20][Def. 2.3.18], the right hand side isomorphism of [6.1] is actually given as the definition of
uniformizability for the A-motive M (E); the left hand side isomorphism holds because the elements
{a®1—-1® a}sear, C Ac, are invertible in Coo®A. Similarly, we have the following natural
isomorphism of Ac_-modules (cf. [HJ20][Def. 2.4.14, Prop. 2.4.17, Thm. 2.5.32]):

N(E) ®4c.. (Coo®A) = Coo® Hom(Ag, Q). (6.2)

Due to the importance that the spaces E(Coo)® Hom4(Ag, ) and E(Cs)Y&Ay4 have in the con-
text of (dual) Anderson eigenvectors, it’s reasonable to tensor the isomorphisms|6.1|and|6.2]by E(Cs)
and F(Cw)V, respectively, obtaining:

A

E(Coo)® Homa(Ay, Q) = TM(E) ®ac_ (E(Ca)®A); (6.3)

E(Co) &y = N(E) ®ac_ (E(C)” BA). (6.4)

On one hand the two Ac_-modules on the left hand side of the isomorphisms [6.3] and [6.4] can be
paired by a natural map, denoted by X, which is a generalization of the dot product introduced in

Lemma [5.4.1t
X : ((E(Cso))®Homa(Ag, Q) ®ac_ (E(Coo)’®Ag) — Ende,, (E(Cs))&X.

On the other hand, looking at the objects on the right hand side of the isomorphisms [6.3] and
TM(E) and N(E) can be paired via the Hartl-Jushka map HJ, and we can also define the following
natural Ac_-linear map:

N

I': (E(Cx)®A) ®ac. (E(Coo)'®A) — Endc,, (E(Cu))RA.

All of this allows us to ask the following question.
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Question 6.2.11. Does the pairing X coincide with HJ ® I'?

Remark 6.2.12. If we assume E = (G,, ¢) to be a Drinfeld module, F(Cy) = E(Cy)" = Cs, and
the pairing map I is simply the multiplication of Co,o®A. Since E(Coo)®A = E(Cy)V®A = Cou®A,
the isomorphisms [6.3] and coincide with the ones proven in Proposition [6.2.2] and Proposition
[6.2.5] Under these isomorphisms, the restriction of the pairing X, which is the dot product, does
coincide with the Hartl-Juschka pairing—up to a scalar factor in Co.—by Theorem [6.2.

6.3 Conjectures for Anderson A-modules

Both the Anderson eigenvectors (Definition [2.2.7)) and the dual Anderson eigenvectors (Definition
5.2.8)) are well defined in the context of abelian Anderson A-modules. Due to the asymmetry between
the hypotheses of Theorem and Theorem [5.2.10] it’s natural to ask the following question.

Question 6.3.1. Let E = (E, ¢) be a uniformizable abelian (and A-finite) Anderson A-module. Is
the functor Sfy- represented by Ay?

Throughout the rest of this section, we work with a uniformizable abelian Anderson A-module
E = (E,¢) and we assume that Question has an affirmative answer. Under this assumption,
we denote by (4 € E (Coo)V®Ay the universal dual Anderson eigenvector, i.e. the universal object of
Sfs«. As usual, we also denote by wy the universal Anderson eigenvector.

Our aim is to formulate a possible generalization of Theorem to abelian (and A-finite)
Anderson A-modules (Question ; while this conjectural result is at the moment not well-defined
(see Remark , we use it as a stepping stone to formulate some smaller reasonable conjectures
and prove some propositions which generalize many intermediate results used in the proof of Theorem

b.AT7

6.3.1 The main question

For any pair of elements w € F(Cs)® Homg(Ag, Q) and ¢ € E(Cx)Y®Ay, let’s denote by w o ¢ the
pairing w I (; the reason for this notation is that, if we write w = }7,v; ® h; and ¢ = 3w} ® Aj,
Recall the notation established in Definition [5.2.1] For any element

f=(fi)x € [] Endp(Coo) = Coo[lr, 7],
kezZ

we use the following notation:

wo(f®l)o( = (Z(vz o frow;)® hi(/\j)> € H (Endi(E(Cs))®0)

%, k kez

= T Homg" (Koo/y, Endy(E(Cx))) ,
kezZ

which is well defined. For any x in this space and for any ¢ € K, we denote by z(c) the image of ¢
in [Tez Endy,(E(Cw)). -

For any Coo-vector space V, let’s denote by End(V') the ring @<z [15~,; Endi (V) (when V' = cd,
End(V) = CZ[r][r~1]).



104 CHAPTER 6. GENERALIZATION FOR ABELIAN ANDERSON A-MODULES

Question 6.3.2. Let & : K., — End(E(Cs)) and ® : Ko, — End(E(Cu)Y) be ring homomor-
phisms which extend ¢ and ¢* respectively, and are continuous on each coordinate, and define
T = (7%) € [Igez Endy(Coo). Consider the following identities in []c, Endg(E(Coo)) for all ¢ € K:

(wp o (T®1)0Cs)(c) = e — (de)".
Do they hold?

Remark 6.3.3. This question is actually ill-posed in many cases when E is not a Drinfeld module.
The reason is that the leading term of ¢} may be non-invertible for some a € A, hence it may be
impossible to extend ¢* to K multiplicatively. For example, when A = F,[t] and E = (GZ,C®?) is
the d-th tensor power of the Carlitz module (see Definition [6.4.1)), we have:

t 0 0 0 0 1
= v i
0
0 1t 0 0

and the second matrix, having rank 1, is not invertible if d > 1.
On the other hand, ® is actually well defined. We can write exp,, : Lie(£) — E(Cw) as an element
(E%)g of the infinite product

[ [ Homy (Lie(E), E(Cx));
k>0

since Ey € Homc_ (Lie(F), E(Cw)) is invertible, being the natural isomorphism of the two Coo-vector
spaces, we can define the logarithm

log, = (Li)i € | Homy(E(Co), Lie(E))
k>0

as the inverse of exp.

In particular, just like in the case of Drinfeld modules, the unique ring homomorphism
® : Ky, — End(F(Cs)) which extends ¢ and is continuous on each coordinate is the one send-
ing ¢ € K to expyocology; in other words, for all k € Z:

(P)k =Y EiocoLy_;.
:

6.3.2 Conjectures and propositions

Despite Remark [6.3.3] it’s useful to use Questiox;{]@l as a guide to better understand the nature of
the object (wy o (T @ 1) 0 (y) € [Tez Homp™ (Hoo /4 Endy(E(Co))).
For example, following the proof of Theorem we are able to prove the following property.

Proposition 6.3.4. The following identities hold in [],cz Endy(E(Cx)) for all a € A and for all
ce K:

(wWp o (T ®@1)0(y) (ac) = ¢a o (wg o (T @1)0(y)(c) = (wpo (T ©1)0(y)(c) 0 Pa-
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Proof. We have the following chain of identities in [],c> Endy(E(Cy)) for alla € A and for all ¢ € K:

(¢a @1) 0 (wgo (T ®@1)0(s)(c) = ((Z((¢a)i ® 1)w¢) o(T®l)o Cqs) (¢)

= ((wp(1®a)) o (T ®@1)0¢)(c)
=( o (T ®1) o (y)(ac)
o (T@1)o((s(1®a)))(c)

wo o ( (Z((%) 1)C¢>) (¢)

1

(w¢ : (zw ©1)0 ¢y ((ga)i @ 1>>) (©

D wyo (T®1) o0 ((¢a)i ® 1)) (c)

i

=(wpo (T @1)0(y)(c)o(ga®1). =

Recall the identity (®.)r = >; i o c o Ly_; shown in Remark Another property used in
the proof of Theorem [5.4.17] is Proposition [5.1.19, We formulate the following conjecture, which
generalizes it.

Conjecture 6.3.5. For any positive real number R there is kg € Z such that for all k > ko, for all
¢ € Koo with ||c|| < R:

ZEZ- ocolLy ;= (w¢o (" ®1) OC¢) (c).

Remark 6.3.6. In the proof of Proposition [5.1.19] an important step is Lemma which ex-
presses the coefficients of the logarithm as series of negative powers of the elements of the lattice Ay.
Those identities make use of the factorization property for entire functions in C[[z]]; the factoriza-
tion of entire functions in the ring (Coo[[z1,...,24]])? is not as well understood. Moreover, for an
Anderson A-module of dimension d > 1, negative powers of elements of the period lattice are not
well-defined, so it’s not possible to formulate a naive generalization of Lemma

By the previous remark, we need to give a different interpretation to Lemma A useful
point of view is to think of it as establishing a relation between the universal Anderson eigenvector (4
and the coefficients of the logarithm log, when E = (G, ¢), as expressed for example in Proposition
[.33] In the context of Anderson A-modules, we can formulate a more general conjecture.

First, let’s give a Definition which is analogous to the property for an element of Coo®A to be an
entire function.

Definition 6.3.7. Let’s consider a series in Y, v; ® \; € E(COO)V®A¢, where {);}; is an Fg-linear
basis of Ay. We say it is quickly converging if, for given a norm |- | on E(Cs)" and a norm || - || on
Lie(E) D Ay, for any integer k, lim; [v;|7" - || Ai]| = 0.

Remark 6.3.8. Note that all norms on finite C,-vector spaces are equivalent, so the notion of quick
convergence is independent from the choice of norm on EF(Cw)" and Lie(E). By Proposition [5.3.1] if
E = (Gq, ¢), (4 is quickly convergent.
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Conjecture 6.3.9. The universal dual Anderson eigenvector (g € E(COO)V®A¢ is quickly converging.
Moreover, if we write (s = >; 2 @ \i € E(Coo)Y @Ay, where {\;}; is an Fy-linear basis of Ay, for all
k € Z we have Y ; \joTF oz = (logg)k-

Assuming the convergence property, we are able to prove, similarly to the proof of Proposition
that the element (3, Aj o 7% o zi), in [[jez Homy (E(Cx), Lie(E)) satisfies the same functional
identity as the logarithm. In other words, the following proposition holds.

Proposition 6.3.10. Let ( =3, z;® \; € E(Cx)Y®A, be a dual Anderson eigenvector, where {\;}i
is an Fg-linear basis of Ay, and assume it is quickly converging. The following identity holds in

[Iiez Homy(E(Cw), Lie(E)) for all a € A:
Lie(¢a) o (Z Ai o ™o Zz) = (Z A; 0 e zz> 0 dg.
i,k ik

Proof. We have the following chain of identities for all a € A:

Lie(¢q) Z)\ ormkoz = ZZ(@)\i)OTkozZ':ZZ)\iOTkozio(%)j:Z)\iOTkozio%,
P ki ik

where the second identity holds by Remark O

Remark 6.3.11. Assuming that Conjecture holds, it’s possible to give a partial proof of Con-
jecture [6.3.5]
If we write wg = >°; v; ® hj, where (h;);>0 is an Fy-basis of Homg, (Ag, 2) = KooA<;yA¢7 we can

write:

(w¢ o(tF®1 ) Zh c-A)vjothoz,

which is well defined because the sequences (v;); and (z;); converge to 0 in F(Cs) and F(Cu)",
respectively. Since wgy is the exponential, as a function from KOOAdV Ay to F(Cy), for any ele-

ment z € KooAy we have exp,(z) = 37, hj(x)v;. On the other hand, as an element of F(Cy) =
Homc,, (Coo, E(Cso)), we can write expy(x) = >, Ej oz o777, hence:

(w¢0(7'k Zh c-ANj)vjorT OZZ—ZZEJOCO)\iOTk_jOZi.
i

Since by Conjecture [6.3.9 3,3 ; Ejoco Ao TR 0 2z = >_j Ejoco Lg_j, to prove Conjecture
it would suffice to show that for any given ¢ € K, for k > 0, it’s possible to swap the two infinite

sums.

6.4 The case of the Carlitz tensor power

Let’s start by defining the tensor power of an arbitrary Anderson A-module.

Definition 6.4.1. Let E = (E, ¢) be an Anderson A-module. The d-th tensor power E' = (E', ¢®%)
of (E, ¢) is defined as the unique Anderson A-module such that M(E') = M(E)®¢, where the tensor
product on the right is Ac_ -linear.
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Remark 6.4.2. The period lattice Ayga is naturally isomorphic to A?d as an A-module (see for

example [HJ20][Prop. 2.3.24.c, Thm. 2.5.32]), hence the tensor power of Coo®A-modules (Coo@A4)®?
is naturally isomorphic to COO®A¢®d.

The d-th tensor power of the Carlitz module is the simplest example of an Anderson module of
dimension d > 1, and has been thoroughly studied since the seminal paper of Anderson and Thakur
[AT90]. For this reason it’s a natural case study to test the conjectures of the previous section.

From now on we assume A = F[t], and denote the d-th tensor power of the Carlitz module by
(Ga, C®4). We have the following identities in Endc_ (CZ )[7]:

t 1 0 0 0 t 1 0
CPd = 0 + 7, LieC®4 = 0

: .. .. 0 .. .. : : .. ..

o - 0 t 1 0 - 0 0o - 0 ¢

For simplicity, and to align ourselves with the notation of previous articles on the subject, we
denote by t the variable 1 ® t € Coo®A and by 6 the variable t ® 1 € Coo®A.

Proposition 6.4.3. The following element is a dual Anderson eigenvector for the Anderson A-module
(Gq, C%%):
( = ((t — Q)d_jcgd)jzlwqd S C&@ACQM.

If the functor Sfoea+ is represented by Agea, its universal object is equal to ¢ up to a factor in
Fx.
q

Proof. Under the isomorphism A = A, we can identify Coo@Ac and Coo @A wa with the ring Coo @A,
so we can identify Cg?d with Cg. We can write:

9 .. ... 0 o --- 0 1
. 1 . e N () _
©Cy =+ . )+
0 1 0 0 0

For j =1,...,d, we have:

®dyk (VY. 9C1+C§71)ifj:1
“%><0”—{%ﬁgfnw>1

Ot — 0)4=1¢E + (¢E) D = 0(t — 0)1¢E + (t— 0)I¢ if j =1
Ot — 0)473¢L + (t — )43+ if j > 1

t(t— )¢ = t¢,

hence ¢ is an Anderson eigenvector.

If Sf-gax is represented by Agea with universal object (cea, since Agea = Ac = A, we have
¢ = alpea for some a € A. Since (¢ € Cx®A is invertible, for all a € A\ F, the product (1®a~1)¢S
does not belong to Co®A, hence ( is equal to (oea up to a factor in Fy- O
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If we assume that Question has an affirmative answer, ¢ = ((t — e)d—jggd)jzl,._,,d is the
universal Anderson eigenvector for the Anderson A-module E = (G,, C®%), and the next proposition
proves Conjecture for E.

Let’s first include a Lemma due to Papanikolas. For all integers & > 0, denote by
&t(k) i Coo®A — Coo®A the k-th Hasse derivative in the variable ¢, and denote by Lj the k-th
coefficient of the logarithm logoes € Endc, (C%)[[7]] = [Tx>o Endx(CL) associated to the d-th ten-
sor power of the Carlitz module. -

Lemma 6.4.4 ([Papl5|). For allk >0, for 1 <i,j <d, the following identity holds in Cs:

(Li)ig = (~1)? [at(d” <(t — 01 (= 09) - (t - qu))_d)}

t=0 '
Proposition 6.4.5. Fir a generator \ of the A-module Agwa. Fori=1,...,d, write:

(t— )¢ = 3 (£ — 0)* 7@y @ (" N)i, where ((t — 0)¢EY) ) € CLyn.

n>0

Forallk € Z, for 1 <i,5 <d, the following identity holds in Cs:

(Li)ig = 38" N);((t = ) ¢EHT .

n

Proof. For k = 1,...,d, we can express the k-th coordinate of X € CL as follows (see for example
[Mau22|[Eq. 3]):

M= [0 P eeh] -

Starting from the explicit expression of the matrix Lie ng’d, we can derive the following identities for
the entries of the matrix Lie C®¢ for all a € A, for 1 <i,j < d:

0 (a) if i < j

LieCf?d ij =
( Jis {0ﬁi>j

We deduce the following identity for the k-th coordinate of t" - X, for k =1,...,d:

d—k
(" Ny = (LieCRt(N) =3 A (6™ Ao -
h=0

Using the Leibniz rule for the Hasse derivative and the identity C(Cfl) = (t—60)(c, we get the following
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chain of identities in Cy, for all £ >0, for 1 <4,5 < d:

b 4
S N);((t - 0)4 ®d)(n) = <((t— 9)*%@)?@ ag")(en)Aj+h>

n n h=0
cdd
= ; <<(t e)d*Z g)( : > enfh <h> >\j+h>
d—j n &
=>> ( h) ((t - e)d_lCd)q 0 _h) Aj+h

| (
A N
=(—1)dia§“ ( 07 ) (= 07) - (t—07)) dﬂ N

which coincides with the formula for the coefficients of the logarithm as expressed in Lemma
When k < 0, for 1 <i,j < d, all the identities hold except the last one, and we get:

S R - 0@, (-1 o (¢ - 071 (¢ - 0)Pc) )|

n t=60

=0 ot (- 0y (-0 - 0) )]

t=60

which is zero because the (d— j)-th hyperderivative of a multiple of (t—#)¢ is a multiple of (t—60)7. O
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